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NEWTON AFTER THREE CENTURIES 
E. T. BELL, California Institute of Technology 


Christmas Day, 1942 is the three-hundredth anniversary of the birth of 
Isaac Newton. The two-hundredth anniversary of Newton's death was suitably 
commemorated in 1927 in nearly every civilized country of the world. To esti- 
mate adequately the influence of this unique mind on our present civilization 
would require the labors of several men, and incidentally traverse much of the 
histories of the astronomical and physical sciences, of industry and engineering, 
and of philosophic thought during the last two centuries. Until such an esti- 
mate, worthy of the man, is undertaken, a short survey of some major items of 
Newton’s work that are still vital in science and mathematics, with a glance at 
what has been abandoned, and a brief indication of present problems originating 
in his work, may be of passing interest. Few. of even the greatest men of science 
have left the world much that retained its full life for more than two centuries 
after they had died. Newton’s work, though modified in detail, continues to 
inspire men gifted with some of his genius to carry it on, and to extend its scope 
beyond anything he knew or could have imagined. This is his immortality. 

Newton was a man of three masterpieces: the calculus, the Opticks, the 
Principia. The few items of his work noted here may be conveniently classified. 
under pure mathematics, optics, gravitation, metaphysics, all with the limita- 
tion stated above.* 


Pure Mathematics 


Little more than a bare list will recall certain of Newton’s indispensable 
contributions to pure mathematics and suggest their perennial vitality. 

The calculus, of course, dwarfs the rest. Without it, modern physical science 
and technology would have been impossible. To any scientifically literate his- 
torian this needs no argument. Though the origins of the calculus have been 
traced back to remote antiquity, it has not yet been denied that Newton was 
the first to develop and apply both the spirit and the techniques of the calculus 
in all their power to kinematics, dynamics, and astronomy. The example of his 
work started the continuing avalanche of discovery in the astronomical and 
physical sciences. It is now known from Newton's own testimony that he used 
the calculus as an implement of discovery and proof in composing the Principia 
[1]; the final form of the demonstrations was a geometrical transposition of the 
initial analysis. 

Once of glowing interest to jealous nationals and others, the controversy be- 
tween the respective partisans of Newton and Leibniz over priority in the in- 


* The following men have generously helped with the sections on optics and gravitation: I. S. 
Bowen, of the California Institute of Technology, who also loaned the original editions of many of 
the works cited; F. Zwicky, of the same Institute and the Mount Palomar Observatory; S. B. 
Nicholson, of the Mount Wilson Observatory. The numbered references and notes are at the end 
of the paper. 


553 


q 
| 


554 NEWTON AFTER THREE CENTURIES [November, 


vention of the calculus is no longer as hot as it was. For all impartial judges it 
has been decided: each invented the calculus independently; Newton was first; 
each descended to personal attacks unworthy of him, though not entirely 
foreign to the temper of the time; the dispute is of no scientific interest what- 
ever, and might well be buried in the archives of the forgettable. 

The subtle difficulties at the bases of the calculus which perturbed Newton 
were settled in the late nineteenth century by the foremost mathematical 
analysts of the period, only to be more profoundly unsettled by the foremost 
mathematical logicians of the early twentieth century. Though the calculus still 
lacks a consistent foundation, the defect is perhaps of a less immediately prac- 
tical character, even mathematically, than that which troubled Newton. These 
unresolved difficulties continue to generate a vast amount of research in mathe- 
matical logic, which in turn has reacted significantly on epistemology. 

With the increasing attention paid in the twentieth century to the discrete 
as opposed to the continuous in the sciences, the calculus of finite differences 
(sum and difference calculus) has grown rapidly in scientific importance, taking 
its place beside the differential and integral calculus as an indispensable aid in 
the study of nature, from intelligence testing to statistical mechanics. Here 
Newton’s solution of a fundamental problem in interpolation is as useful as it 
was when (1676) he called it [2] “one of the prettiest problems that I can ever 
hope to solve.” The problem as stated by Newton is “to describe a geometrical 
curve which shall pass through any given points....” A solution is given in 
the Principia [3]. Newton’s interpolation formula has remained a basic result in 
the calculus of finite differences, especially in its scientific and technological 
applications. 

A more recondite calculus, of even greater scientific utility and deeper 
mathematical interest, is at least implicit in Newton’s problem [4] of the solid of 
revolution offering the least resistance in moving through a medium in the di- 
rection of its axis. This would be attacked today by the calculus of variations. 
Newton merely stated his solution without indicating how he obtained it. Dis- 
cussed many times, the problem has continued to suggest successive refinements 
in analysis since Legendre (1786) used it as an example on which to test his 
criterion for discriminating between maxima and minima in the calculus of 
variations. 

Newton is said to have been attracted to this problem by his early interest 
in exterior ballistics; he mentioned its possible application to naval architecture. 
His disposal of it in the Principia is typical of his attitude toward pure mathe- 
matics: get the result by any method that will work, and let the method take 
care of itself. A pure mathematician might have thought it worth recording that 
the problem is not amenable to the differential calculus; it is of another genus 
than the problems of maxima and minima solvable by comparatively elementary 
means. Newton was content (1687) to state his solution. Later (c. 1694), to 
oblige a correspondent, he wrote out a draft of a proof by a mixture of geome- 
try, variations, and fluxions. Recast in modernized form, Newton’s proof 
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amounts to finding a first integral of the appropriate Eulerian differential equa- 
tion. That he was able by his methods to complete the solution and obtain the 
minimizing arc explicitly, looks like a happy mathematical accident. But he 
solved his problem. 

Newton’s attitude toward mathematics was that of the scientific engineer 
or theoretical physicist today: mathematics for him was an efficient tool with- 
out intrinsic interest. But lest anyone be tempted to enlist Newton as an ally 
in an attack on the value of mathematics for other than immediately practical 
ends, it may be recalled that not even the unsurpassable splendors of the 
Principia elicited his own highest esteem. That was reserved for his works in 
theology and sacred chronology, both long since hopelessly antiquated. 

Yet such was the universality of Newton’s mathematical talent that he 
could do pure mathematics with the best of his contemporaries, and do it as 
well or better than most of them. The binomial theorem alone would have made 
a lesser reputation. In geometry, Newton was the first to make a comprehensive 
study [5] of any class of plane curves beyond the long-familiar conics and a 
handful of transcendental curves; and it was he who first demonstrated the full 
power of analytical methods in geometry. Again, though it is only a minor detail, 
‘Newton’s polygons’ are more useful today than when he invented them, appear- 
ing in regions far beyond the mathematics of his day, for example, in one recent 
theory of algebraic numbers. 

The penetration of his mathematical intuition is perhaps as well illustrated 
by ‘Newton's rule’ in the theory of algebraic equations as by any other of his 
purely mathematical discoveries. In the words of the great algebraist [6] who first 
(1864) gave a proof of the rule: “In the Arithmetica Universalis, in the chapter 
De Resolutione Equationum, Newton has laid down a rule, admirable for its 
simplicity and generality, for the discovery of imaginary roots in algebraical 
equations, and for assigning an inferior limit to their number. He has given no 
clue towards the ascertainment of the grounds upon which this rule is based, 
and has stated it in such terms as to leave it quite an open question whether or 
not he had obtained a demonstration of it.” It would be difficult to find a juster 
evaluation of Newton’s attitude toward pure mathematics and the intuitive 
quality of his genius as a pure mathematician. 


Optics 


In a paragraph [9] that might profitably be framed and hung in the study of 
the mystical astrophysicist [10] who today occupies the chair of astronomy and 
experimental philosophy in Newton’s alma mater, Newton stated (1717) his 
scientific philosophy with matchless clarity and forthright common sense. As a 
radically different conception of the scientific method must be noticed later [51], 
the passage may be transcribed here. It is a perfect synopsis of the Newtonian 
method. 

“As in Mathematics, so in Natural Philosophy, the Investigation of difficult 
Things by the Method of Analysis, ought ever to precede the Method of Com- 
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position. This Analysis consists in making Experiments and Observations, and 
in drawing general Conclusions from them by Induction, and admitting of no 
Objections against the Conclusions, but such as are taken from Experiments, 
or other certain Truths. For Hypotheses are not to be regarded in experimental 
Philosophy. And although the arguing from Experiments and Observations by 
Induction be no Demonstration of general Conclusions; yet it is the best way 
of arguing which the Nature of Things admits of, and may be looked upon as so 
much the stronger, by how much the Induction is more general. And if no 
exception occur from Phaenomena, the Conclusion may be pronounced gener- 
ally. But if at any time afterwards any Exception shall occur from Experi- 
ments, it may then begin to be pronounced with such Exceptions as occur. 
By this way of Analysis we may proceed from Compounds to Ingredients, and 
from Motions to the Forces producing them; and in general, from Effects to 
their Causes, and from particular Causes to more general ones, till the Argu- 
ment end in the most general. This is the Method of Analysis: And the Syn- 
thesis consists in assuming the Causes discovered, and established as Principles, 
and by them explaining the Phaenomena proceeding from them, and proving 
the Explanations.” 

Newton's positive, experimental contributions to optics were the analysis 
of white light (sunlight) into lights of different colors, separated in the visible 
spectrum according to their different refrangibilities, and the reverse synthesis 
of these colors into white light; the quantitative study of colors of thin films; 
the invention of the reflecting telescope. In theoretical optics he explained the 
colors of the rainbow, and imagined that all colors can be produced by properly 
combining primary colors, of which he named seven. This hypothesis was backed 
by experiments. His investigation of the chromatic aberration of lenses having 
decided him against refracting telescopes [11] in favor of reflectors, he con- 
structed with his own hands (1668, 1671) the first reflecting telescopes in history. 
The second was exhibited before the Royal Society in January, 1672. Though a 
puny mite, Newton’s diminutive reflector is the ancestor of the 102-inch and 
200-inch giants of the twentieth century. 


Before Newton, it was supposed that color resides in matter; he showed it to 
be a quality of light, and he instituted its quantitative analysis. There is no 
need to review here the fluctuating popularities of the wave theory of light 
invented by Huygens and the corpuscular theory proposed by Newton. How- 
ever, the relative standings of the two theories in 1942 is perhaps the most ap- 
propriate item as a commemorative tribute to Newton’s physical insight on the 
three-hundredth anniversary of his birth. Though there are no grounds for be- 
lieving that either theory will satisfy all physicists three centuries hence, it is a 
matter of fact that Newton’s theory is in closer accord with the quantum 
mechanics of 1942 than is its recent rival. Whatever is to be the fate of either 
theory, there is no question that Newton’s experimental observations will re- 
main substantially unchallenged—unless a greater and more muddled Goethe 
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shall take it upon himself to teach the intelligentsia the rudiments of optics. 
The artless simplicity of Newton's analysis and synthesis of white light marks 
his work as one of the timeless classics of experimental science; and the sharp 
precision of his measurements of the colors of thin films contributed decisively 
to the undulatory theory of the nineteenth century, one of the most suggestive 
hypotheses that ever accompanied and guided an experimental science. 

Though he disdained speculation, and strove in his finished work to reduce 
it to a minimum, Newton could, on occasion, let his scientific imagination roam 
as unrestrainedly as did any theoretical physicist of the nineteenth century, or 
as any mathematical astrophysicist of the twentieth. Probably the boldest of 
Newton’s conjectures, apart from some of his fanciful chronology, are among 
the more énlivening queries with which he rounded out the experimental science 
of his Opticks. One of these [12] is particularly relevant for twentieth-century 
theories regarding the nature of light. For its prophetic suggestiveness it may be 
transcribed in full [13]. 

“Qu. 17. If a Stone be thrown into stagnating Water, the Waves excited 
thereby continue some time to arise in the place where the Stone fell into the 
Water, and are propagated from thence in concentrick Circles upon the Surface 
of the Water to great distances. And the Vibrations or Tremors excited in the 
Air by percussion, continue a little time to move from the place of percussion 
in concentrick Spheres to great distances. And in like manner, when a Ray of 
Light falls upon the Surface of any pellucid Body, and is there refracted or re- 
flected: may not Waves of Vibrations or tremors be thereby excited in the re- 
fracting or reflecting Medium at the point of Incidence, and continue to arise 
there, and to be propagated from thence as long as they continue to do so, 
when they are excited in the bottom of the Eye by the Pressure or Motion of the 
Finger, or by the Light which comes from the Coal of Fire in the Experiments 
above mention’d? And are not these Vibrations propagated from the point of 
Incidence to great distances? And do they not overtake the Rays of Light, and 
by overtaking them successively, do they not put them into the Fits of easy 
Reflexion and easy Transmission described above [13]? For if the Rays endeav- 
our to recede from the densest part of the Vibration, they may be alternately ac- 
celerated and retarded by the Vibrations overtaking them.” 

To appreciate the peculiar significance of this query, it is necessary to re- 
member a detail of Huygens’ wave theory of light. Huygens had merely the 
conception of a wave front, and had no idea of a train of waves. According to 
Huygens’ theory, the velocity of light in water should be less than it is in air; 
Newton’s corpuscular theory predicted the opposite. Experiments by J. L. B. 
Foucault [14] (1853) and others confirmed Huygens. Though this seemed to dis- 
pose of the corpuscular theory, the passage quoted shows that Newton's general 
idea of light was closer to the twentieth-century conception than was Huygens’. 
Light for Huygens was merely an impulse; he had no idea of a wave length. 
Newton, on the other hand, in his explanation of ‘Newton’s rings,’ [14a] imag- 
ined that the impinging corpuscle, having passed the first surface of a thin film or 
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plate, started a splash or a vibration there, which sent out a train of waves. 
The train then caught up with the particle; and at the second surface the train 
was reflected or transmitted according as there was a crest or a trough. 

The resemblance to the explanation by quantum mechanics is striking 
enough: a particle (corpuscle) is accompanied by a wave, and the behavior of 
the particle is isomorphic to that of the wave. Photons doubtless would have 
been acceptable to Newton but not to Huygens. 

Though Newton rejected the wave theory, it was partly his accurate meas- 
urements of the colors of thin plates or films reflecting the different colors that 
were responsible for Young’s undulatory theory in the early nineteenth cen- 
tury. Newton gave all the data [15] for determining wave lengths; Young only 
interpreted it [16]. His was the first (1802) table of wave lengths [17], and he 
was the first to consider the wave train as the principal thing in light. It would be 
interesting to know whether ‘Qu. 17’ started Young thinking about wave trains. 
In any case, the best data available for his deductions of 1802 were those in 
Newton’s Opticks of 1704. 

As there is sometimes a temptation to read the present into the past, it may 
be recalled that the now famous ‘Qu. 17’ was in no way responsible for the 
quantum-mechanical wave theory. Newton’s query acquired its air of ration- 
ality only after this theory of the twentieth century, suggested by quite dif- 
ferent considerations, had been fully elaborated, when the coincidental agree- 
ment with Newton’s undeveloped conjecture was noted. 


If one science more than another has extended positive knowledge of the 
stellar and extra-galactic universes beyond the utmost imaginable in Newton’s 
time, it is spectroscopy. Only a century ago, the parochial mind found comfort 
in the illusory assurance that though science might overtake the farthest stars 
in their courses, and unravel the tangle of their wanderings, it could never guess 
the chemical composition of even the nearest and brightest star of all; and this 
ignoramibus was flaunted as final and irrefutable evidence of the superiority of 
revelation over science as a guide to understanding “the wonder of the heavens.” 
Like Newton on the shore of “the great ocean of truth,” [18] scientists are 
acutely aware that they have found but little in comparison with what may yet 
be found; but at the limits of the spectroscopically visible universe they have di- 
verted themselves “in now and then finding a smoother pebble or a prettier shell 
than ordinary” [18]. Among the pebbles and shells they have picked up are mil- 
lions of galaxies akin to our own, and clusters of galaxies, undreamed of when 
Newton reduced the motions of the planets in the solar system to order with his 
law of universal gravitation. All this almost inconceivably vast access of verifi- 
able knowledge had its inception in Newton’s analysis of light. Unaccountably— 
for him—he failed to take the last, short steps which would have brought the 
chemistry of the stars, the sun among them, within his reach. 


To see how close Newton came to the crucial discoveries, it will be necessary 
to recall briefly the principal stages in the development of spectroscopy. An early 
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recorded hint of the chemical possibilities was Jabir’s [18a] observation (eighth 
century A.D.) that copper heated in a flame colors the flame blue-green. Agric- 
ola [19] next suggested (1556) that the different colors produced in a similar 
manner be used for chemical analysis. These facts were readily fitted into the 
theory of emission spectra when finally it arrived in the nineteenth century. 

Newton’s theory of light and colors [20] was laid before the Royal Society in 
1672. It had been supposed that the object did something to light in reflecting 
it; Newton’s experiments with prisms showed for the first time that white light 
is a composite of lights of different refrangibilities, and that the only thing the 
prism does is to spread out these lights. In reflection from a colored object, only 
some of these lights are reflected, the others are absorbed. As far as Newton’s 
experiments went, they were closely similar to those of Wollaston [21] (1802), 
who also, however, saw the absorption lines in the solar spectrum which Newton 
with moderate attention might have seen, but which, surprisingly, he did not 
see. All the setting for observing the absorption lines was in order when Newton 
passed sunlight through a slit and lens and focussed the spectrum [22]. 

Again, in the matter of emission spectra, Newton amplified the observations 
of Agricola and others on the colors of flames [23], but did not look at a flame 
through a prism. Had he done so, he would have seen an emission spectrum. 
The first to observe an emission spectrum was Newton’s fellow Briton, the 
gifted young clergyman Thomas Melvill [24], whose paper (read, February, 
1752) was published posthumously in 1756, Melvill having died (December, 
1753) at the age of twenty-seven. 

The first statement that emission lines could be used for chemical analysis 
was in 1830 by J. F. W. Herschel [25]. The historic first reversal (Feb. 7, 1849) 
of a line in the laboratory was by J. B. L. Foucault. Meanwhile the ‘Fraunhofer 
lines’ that Wollaston had noted were rediscovered and located (1814-15) with 
high precision in the solar spectrum by Fraunhofer [26]. The motivation of this 
decisive work was the practical improvement of refracting telescopes; the dis- 
covery itself, of greater significance for astrophysics than the objective sought, 
was an unsought and under-appreciated by-product. By 1850 at the latest, all 
the basic experimental facts of spectroscopy needed for ‘the chemistry of the 
stars’ were available. It may not be too much to claim that none of this would 
have come about had not Newton, or some equally acute experimentalist and 
equally gifted theoretician, observed that light has certain properties which are 
not put into it by reflection or refraction or passage through colored matter. 


Finally it may be noted that a remark by Huygens (1690) on double re- 
fraction in Iceland crystal provided Newton with a fact which he found in- 
explicable on the hypothesis that “Light be nothing else than Pression or Motion 
propagated through Aether” in analogy with the propagation of sound waves in 
air [27]. For he inferred from the experimental facts that a ray in double refrac- 
tion must have “two opposite Sides,” while an ordinary ray exhibits no such 
polarization. He could not reconcile the facts with the wave theory. 
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Light as a transverse vibration of an elastic solid (the ether) was an inven- 
tion of the nineteenth century. This took account of double refraction till, to the 
distress of some who persisted in regarding their scientific theories as creeds in- 
stead of working hypotheses, the elastic solid collapsed under the weight of its 
own hypothetical attributes. James Clerk Maxwell’s electromagnetic theory of 
light [28] next (1861, 1864) reigried almost unchallenged till the twentieth cen- 
tury, when it was amplified by the electron theory and the quantum theory to 
take account of the interaction between light and matter. With these successive 
modifications of theories which had done the work for which they were created, 
and had become obsolete in the process, an ancient philosophy of science [51 | re- 
turned from the remote past to dispute the scientific method advocated by 
Newton. But whatever philosophies and theories of the physical universe are 
to prevail in the next three centuries, it seems probable that Newton will re- 
main an unchallenged witness to the historical truth that theories pass but ex- 
periments abide. 

Gravitation 


“You some times speak of gravity as essential and inherent to matter. Pray, 
do not ascribe that notion to me; for the cause of gravity is what I do not pre- 
tend to know, and therefore would take more time to consider of it” [29]. 

So Newton wrote (1692) in self-defense to a friend who had endeavored to in- 
terpret Newton’s conception of gravity. Earlier (1679), in a letter [29] to Boyle, 
Newton had permitted himself to speculate on “the cause” of gravity, seeking 
an explanation of the mutual attraction of bodies in the mechanics of an 
“aether.” Many subsequent attempts by others to explain gravitation mechani- 
cally—Le Sage’s corpuscular bombardments (1782) seemed promising at a 
first unmathematical glance—proved equally abortive until, in the twentieth 
century, Newton’s gravity having been explained away in the geometry of space- 
time, nothing about it was left to be explained. Nevertheless it remained in- 
dispensable in both theory and practice. The 223 years from Newton’s “I do not 
pretend to know” of 1692 to Einstein’s equivalence principle of 1915 are crowded 
with scientific discoveries and mathematical theories, no inconsiderable number 
of which originated, either directly or not too remotely, in Newton’s law (or 
hypothesis) of universal gravitation. 


The postulated universality of Newtonian gravitation is perhaps the item 
of most vital interest for current science. To provide a background for a few 
major problems of Newtonian gravitation today, it is necessary to summarize 
very briefly what Newton himself derived from his grand hypothesis. As he 
formulated it in the Principia [30], Book III, Proposition VII, Theorem VII: 
“That there is a power of gravity tending to all bodies, proportional to the 
several quantities of matter which they contain. . . . Cor. 2. The force of gravity 
towards the several equal particles of any body, is reciprocally as the square of 
the distance of places from the particles [31].” 

This general law, or hypothesis, or principle was not imagined as a mathe- 
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matical diversion. It was proposed as a logical equivalent, adapted to analysis 
by mathematical reasoning, of the gist of Kepler’s three laws, empirically dis- 
covered, of planetary orbits. The cardinal point here is that Newton based The 
System of the World in Book III of his Principia on established scientific fact. 
He did not, as some had done before him and others have done since, spin his 
own world out of cerebration, and then proceed to write reams of high meta- 
physics or regiments of impressive formulas about a preposterous universe that 
existed only in his own head. He listened to what nature had to say, and then 
made it tell more than it may have meant to disclose. It is no miracle then, 
when the power of Newton’s mathematical genius is taken into account, that 
the Principia is the unsurpassed masterpiece of both scientific coordination and 
the art of scientific prediction that it is. 

From Kepler’s first and second laws, and his own three laws of motion 
Newton deduced [32] that each planet is attracted by a central force directed to- 
ward the sun, the intensity of the force varying inversely as the square of the 
distance between the two bodies; from the third law he deduced that all the 
planets are similarly attracted, the intensities depending on the sun’s mass. 

Almost as corollaries of these general conclusions, Newton showed how the 
sun’s mass can be calculated in terms of the earth’s mass: the length of any 
planet’s year and its distance from the sun are the sufficient data. The mass of 
_ any planet having a satellite can be similarly computed. The same force of 
gravity that accounts for the fall of an apple was then shown to be sufficient 
for holding the moon to its orbit. Explicit definitions of ‘mass,’ ‘gravity,’ 
‘force,’ ‘attraction’ are unnecessary if the objective of these deductions is cor- 
relation of known facts and prediction from them; the mathematical equivalents 
of the verbal statements suffice. Thus metaphysical disputes are short-circuited 
to their proper function. 

The roll of the memorable conclusions Newton deduced from his law is only 
begun. The Newtonian theory of gravitation accounted for the tides. From the 
sun’s mass, deduced from the theory, the height of the solar tide was calcu- 
lated; as a sort of converse, from the observed heights of the spring and neap 
tides, the lunar tide was calculated, whence an estimate of the moon’s mass was 
obtained. From Newton’s dynamics of a gravitating rotating body, it followed 
that the earth is not a sphere as had been supposed since ancient times, but an 
oblate spheroid, and the measure of flattening at its poles was calculated. Con- 
versely, from the observed oblateness of any planet the length of its day was 
shown to be calculable. Another easily verifiable prediction deduced from the 
polar flattening of the earth and centrifugal force was the variation of the weight 
of a body with the latitude. The attraction of the sun and moon on the earth’s 
equatorial bulge, with similar attractions by the other planets, was proved to 
perturb the earth’s axis of rotation by calculable amounts; and thus it was pos- 
sible to follow “the wandering of the pole” and precession of the equinoxes. In 
these and other problems, Newton inaugurated the theory and calculation of 
planetary perturbations. 
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The comets which for ages had evoked the superstitious fear of savage and 
civilized man alike, were proved to be law-abiding members of the solar sys- 
tem, differing from the friendly planets chiefly in the smallness of their masses 
and the relatively high eccentricity .of their orbits. (Their tails were explained 
only much later; their probable composition also was not determined until long 
after Newton was dead.) Further, it was possible to predict with high accuracy 
the dates at which some would return. Here was a deliverance from superstition 
that any lettered person could appreciate; and of all the deductions from New- 
ton’s hypothesis of universal gravitation, the accurately predicted return of a 
comet [33] has been the most popular. Scientifically, however, it is not compa- 
rable with what followed from Newton’s hard thinking on the problem of the 
moon’s motion. Among its numerous claims to perpetual remembrance, this 
problem has the unique distinction of being the only one of which Newton con- 
fessed that it gave him a headache. 

The motion of the moon presents a special case of the problem of three 
bodies. The moon’s orbit is perturbed by the attractions of the earth and the 
sun, and also, to a lesser degree, by the attractions of the other planets. The 
perturbations cause irregularities in the moon’s orbit, some of which had been 
observed by the Babylonians (?) and the Greeks. None had been accounted for 
when Newton [34] deduced them as consequences of universal gravitation, and 
in addition uncovered two more. In historical order from Hipparchus (2nd cen- 
tury B.C.) to Newton’s contemporary Flamsteed, these were the equation of - 
the center, the evection, the variation, and the annual equation; retrogression 
of the nodes, variation of the inclination; progression of the apses (only half 
the observed amount was given by Newton’s calculation); and the inequalities 
of apogee and of nodes, Newton’s discoveries. It is at this point that New- 
tonian gravitation makes one of its most direct contacts with the science of the 
twentieth century. The problem of three bodies [35] remains an astonishingly 
prolific source of new mathematical methods and refined astronomical-physical 
observations. 

A concise history of this problem would fill a large book. Here, only a detail 
or two can be noted. To state the problem: Three particles, free to move in 
space, attract one another according to the Newtonian law of gravitation: from 
arbitrarily assigned initial motions of the particles, to determine their subse- 
quent motions. From Newton in the seventeenth century, through Clairaut, 
D’Alembert, Euler, Lagrange, Laplace, and Poisson in the eighteenth and early 
nineteenth centuries, through Weierstrass, G. W. Hill, E. W. Brown, Bruns, 
Poincaré, Levi-Civita, and Sundman from thence to the present, this problem 
has exercised the highest talents of some of the most powerful mathematicians 
of the last two centuries. Only a few of the great names associated with the 
three-body problem have been recalled, none from the living. 

Three items will suffice to indicate the inexhaustible fertility of this vener- 
able problem, and generally of the theory of planetary perturbations initiated 
by Newton. First is the prediction from the theory of the existence of a planet 
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which, until the perturbations of the orbit of Uranus were analyzed mathe- 
matically almost simultaneously (1845-46) and independently by Adams and 
Leverrier, was no more than a vague conjecture. The subsequent discovery 
(1846) of the hypothetical planet (Neptune), almost in the calculated place, 
is one of the half dozen or so masterpieces of scientific prediction. Uncritically 
viewed, it was acclaimed as a conclusive demonstration of the universality of 
Newton's law of gravitation, until critical mathematicians hinted that for- 
tunate accident had also contributed to the discovery. Benjamin Peirce even 
proceeded fearlessly to the limit, declaring that if the calculations had been 
more accurately performed, Neptune would not have been observed. There 
was no question of minimizing the magnitude of the discovery; criticism was 
motivated solely by a desire to uncover the scientific facts regardless of the 
great personalities involved. Nature plays no favorites: was the discovery of 
Neptune a final confirmation of the Newtonian law, or was it not? Criticizing 
the mathematical critics, astronomical critics set aside the strictures of Peirce 
and others by an argument of a type which a mathematical logician might dis- 
miss as specious and ad hoc, in spite of its frequent reproduction in standard 
textbooks. However, the prediction is now generally accepted as genuine. 

A more exacting and less debatable test lay nearer to hand in the moon’s 
motion. Laplace had imagined that gravitation alone would explain the slow 
approach of the moon to the earth; refining the calculations, Adams showed that 
gravitation accounted for only half the observable amount. Though at first 
sight a serious setback for Newton's conception of “the System of the World,” 
this discrepancy between theory and observation helped to precipitate the far- 
reaching theory of tidal friction in the solar system and in stellar evolution, to- 
day of livelier scientific interest for the dynamics of the nebulae than most of the 
particle dynamics of classical celestial mechanics. Thus, in the end, impartial 
scrutiny of nature by the observational-mathematical method followed to the 
exclusion of all others by Newton himself, sustained the spirit of his law of 
gravitation, and broadened its scope more widely than strict adherence to its 
exact letter could ever have done. The question of the universality of Newton’s 
law was still open. The more recent discovery [36] (1930) of Pluto, the ninth 
planet of the solar system, raised similar doubts. How much of the credit should 
be assigned to calculation from theory and how much to chance? The question is 
still debated. If, as has been conjectured from possible perturbations of Halley’s 
comet, a trans-Plutonian planet exists, expert opinion is that it will be found 
by photographic methods rather than bv calculation. 

The second item of current interes: that can be traced quite directly to at- 
tempts to solve the three-body problem is the development of modern topology. 
One of the most active departments of twentieth-century pure mathematics, 
topology has a main source in the new methods introduced into celestial me- 
chanics in the 1890's by Poincaré [37]. 

The third item disposed of a possible doubt that had haunted some expert 
analysts from Lagrange to Weierstrass. To the mathematical tyro it may seem 
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self-evident that the highly idealized mathematical representation of a concrete 
physical situation must lead to a system of equations that are solvable. There 
is not space to present the matter here; but it may be noted that competent 
differences of opinion have arisen from examination of the relation of mathe- 
matical prediction to observationally verifiable fact. In the three-body problem, 
it had been suspected that a solution by convergent power series might be 
impossible. It was therefore a mathematical event of more than ordinary interest 
when, in 1912, the work (1906, 1909) of Sundman [38] became known outside his 
native Finland. His capital result is as follows (translation): “If the constants 
of areas in the motion of three bodies with reference to their common center of 
gravity are not all zero, a variable tr may be found such that the coérdinates of 
the bodies, their mutual distances, and the time are developable in convergent 
power series in 7 which represent the motion for all real values of the time, and 
do so whatever collisions may occur between the bodies.” A note by Sundman 
recalls that Weierstrass in a letter of 1889 to Mittag-Leffler had shown that in 
triple collision the constants of areas vanish simultaneously. Sundman’s solution 
is not (yet?) adapted to numerical computation. But that was not its motiva- 
tion, nor is computability its present interest. 

On the side of greater significance for practical astronomy, that of mutually 
checking observations and computations, the special three-body problem of the 
lunar theory also has made remarkable progress in the twentieth century. 
Before stating what may seem a rather disconcerting conclusion for the New- 
tonian theory of universal gravitation, it may be emphasized that authorities 
on the subject—men who live with telescopes and who supervise the calcula- 
tions based on their own observations—anticipate no fatal discrepancy between 
theory and observation. The labor of adding another decimal place, or of taking 
account of further planetary or tidal perturbations, is very great; and until more 
effective means of calculation are devised, it would be premature to assert that 
the Newtonian theory has encountered an irremovable obstacle of fact. On the 
other hand, nothing is to be gained and a universe may be lost by ignoring or 
minimizing indisputable discrepancies between irreproachable calculation and 
precise observation. The advance of the perihelion of Mercury (to be noted in 
another connection) offers a famous historical instance of the advantages of total 
scientific honesty. 

A serious disagreement between fact and prediction appears in the irregular 
differences between the moon’s observed place and its place as calculated on the 
lunar theory. In the opinion of experts [39], no significant term can possibly have 
been neglected. On the numerical side, the accuracy of the calculations has been 
checked mechanically. The conclusion is that the observed discrepancies are 
much too large to be attributed to observational errors. There is also an unex- 
plained secular acceleration. Among possible hypotheses within the Newtonian 
theory to account for these irregularities of the moon's motion are tidal friction, 
undescribed inhomogeneities in the density of the earth, irregularities in its 
shape, and variations in its rate of rotation. It is now supposed that if tidal 
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friction is significant, oceanic tides are of comparative unimportance, the major 
effects being caused by tides in shallow inland seas and tidal basins. An in- 
teresting by-product of these irregularities in the moon’s motion is the revision 
they necessitate of dates of ancient eclipses. As some of these dates have been 
used as points of reference for human history, the lunar theory may yet further 
confound the confused annals of our race. In any event, this special case of the 
three-body problem suggests more unsolved problems in 1942 than Newton 
could possibly have imagined in 1687, when he published the epoch-making re- 
sults of his most intense thinking in the Principia. 

The three-body problem is a special case of the problem of bodies attracting 
one another according to the Newtonian law of gravitation. On the mathemati- 
cal side, “there remain still a great number of unsolved problems... , for ex- 
ample, the problems of stability and transitivity [associated with the names of 
Poincaré and G. D. Birkhoff in one method of attack], and it seems that the 
solution of the main problems will require new methods of analysis” [40]. This 
pronouncement by a mathematical expert need not necessarily discourage re- 
search on the observational side. Paradoxically, mathematical solutions of the 
three-body problem may still be waiting objective verification ten thousand 
years after the problem of hundreds of millions of bodies has been solved mathe- 
matically and checked observationally. New methods (to be noted presently) are 
already being applied to the larger problem with what, in 1942, looks like prom- 
ising success. 

It is merely one of the minor misfortunes of the human race that it was 
assigned to a planet from which no decent embodiment of the general three- 
body problem is visible, even spectroscopically [41]. Anything that can be seen 
as an individual three-body configuration is too far away, or too complicated, or 
too meanly specialized for an observational check of any mathematical theory 
in any span of years our race is likely to survive. Neither Jupiter, Saturn, nor the 
Sun has zero mass; yet the three have furnished mathematicians with an in- 
stance of the special case of the three-body problem in which one mass is ‘zero.’ 
Again, each of the six Trojan planets (asteroids with the same period as Jupiter) 
with Jupiter and the Sun is ideal, with some slight forcing, for the Lagrangian 
special case in which the bodies are initially at the vertices of an equilateral tri- 
angle. Yet even this problem is at present too difficult when rigid idealization is 
only slightly relaxed to approximate roughly the reality of actual planets sub- 
ject to librations [39]. The planets in the sky are more than mathematical points 
endowed with mass on paper. As for Jupiter himself, his ephemeris is signifi- 
cantly in error; and his nine [42] satellites pose a problem that not only is beyond 
mathematical solution at present, but also is of great difficulty observationally 
on account of the faintness of the satellites contrasted against their planet’s 
brightness. The only known way of keeping track of this too-numerous family 
is by mechanical integration; an analytical solution would demand an explicit 
form of the perturbations. As a final scandal in our erratic solar system, the 
latest transit of Mercury produced an unanticipated error that amused as- 
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tronomers for weeks. Here, however, the discrepancy between prediction and 
observation may be reduced farther than it already has, when all the correc- 
tions of the ephemeris are included and the diameters of the bodies concerned 
are satisfactorily defined. In precise measurement, what exactly is the diameter 
of a bright luminous disc? From all this and more of the same general character, 
it seems unlikely that the universality of Newton’s law of gravitation will re- 
ceive conclusive observational confirmation in the immediate future from the 
three-body problem for any configuration in our solar system. Fortunately for 
possible progress, advances in astronomical instruments and in mathematical 
technique have made possible the verification of Newton’s law in regions tens, 
or hundreds, or thousands, or even millions, of light years beyond “the World,” 
whose “System” he explored and reduced to order in the most inclusive synthe- 
sis of natural phenomena in the history of science. 

To return for a moment to pure mathematics, some of Newton’s greatest 
triumphs in the Principia would have been impossible without the theorem, 
which he discovered and proved, that the attraction of a homogeneous gravitat- 
ing sphere on an external mass-particle can be calculated as if the mass of the 
sphere were all concentrated at its center. It has been argued [43] that the lack 
of this master theorem delayed the publication of the law of gravitation for 
twenty years. Today it is a students’ exercise in the calculus. Sic itur ad astra. 

Last, it should be noted that the identity of inertial and gravitational mass, 
long a puzzle in Newtonian mechanics, was satisfactorily accounted for only 
when that mechanics was supplemented by relativity. 


To resume the main question, how ‘universal’ is Newton’s law of universal 
gravitation? As sometimes stated in textbooks, the law asserts that “Every 
particle of matter in the universe attracts every other particle with a force 
which, for any two particles, is directly proportional to their masses and in- 
versely proportional to the square of the distance between them, mass, dis- 
tance, and force being measured in the appropriate units.” Taken literally, this 
statement is as wild an extrapolation as any pseudo-scientific generalization 
that ever confused theology with science. Neither in space nor in time, nor yet 
in space-time, is anything whatever known of “every particle of matter in the 
universe”; nor is it likely that human beings will ever be able to make any 
scientifically verifiable statement about “the universe.” Such statements of course 
are frequent enough; but the more cautious, chastened by experience, leave 
these tremendous nothings to mystics and belated stragglers from the nine- 
teenth century. In that heyday of theology masquerading as physics, the con- 
servation of energy was as everlasting and as pervasive as the will of the deity, 
and the laws of thermodynamics were eternal truths throughout all space. 

Actually, so far as gravitation was concerned until quite recently, it was 
satisfactorily verified only for a negligibly small time span in that speck within 
our own system of stars which we call the solar system, and beyond that only 
out to binary stars well within our own stellar neighborhood. Analysis of the 
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orbits of numerous binaries, both visual and spectroscopic, since Savary [43a] 
(1828) suggested that certain double stars observed by W. Herschel (1780) 
offered a test of the Newtonian theory, have confirmed the Newtonian law of 
gravitation well within the probable observational errors. But even here, so 
elementary a question as the following cannot be decided observationally and 
no other way is known: How accurately can the motions of a swarm of stars, 
considered as a dynamical system, be described by linear differential equations 
—a capital assumption of Newtonian celestial mechanics? There has not been 
time enough to obtain the necessary data. Once more necessity drives observa- 
tion out of our solar system, out far beyond our own galaxy, to seek the facts on 
which the celestial mechanics of the future may be based, in the extra-galactic 
nebulae. As Newton reared his System of the World on scientific facts obtained 
by laboriously painstaking observation, so some spiritual successor of his may 
find in the rapidly accumulating observations of the nebulae the building stones 
of a vaster system. But he will not, if he is a worthy disciple of Newton, misname 
it a system of the universe. 

An early hint that methods beyond those of classical celestial mechanics 
were about to emerge was Poincaré’s suggestion, near the turn of the century, 
that star-streaming in our galaxy be investigated by the methods of the kinetic 
theory of gases. In this daring program, the individual stars were the ‘atoms’ 
of the ‘gas’ which was the Milky Way. As the proposal was put forward about 
a quarter of a century before Hubble inaugurated the modern era in the study 
of the extra-galactic nebulae [44], it has not had much influence, if any, on sub- 
sequent progress. The discovery of clusters of nebulae, and the revolutionary 
advance in certain departments of observational astronomy consequent on the 
recent use of Schmidt telescopes for rapid surveys of the whole sky, have trans- 
formed the problem completely. As mathematicians occasionally overlook a 
humble but important source of some of their sublimest imaginings, it may be 
recalled that progress in technology and in the mere machining of precision in- 
struments often precedes the decisive turning points in science from which new 
mathematical theories start. Without modern spectroscopes, rapid photographic 
films, and Schmidt telescopes, current advances in the application of Newtonian 
gravitation to the extra-galactic nebulae would be a dream for the distant fu- 
ture. 

Since it is impossible to observe millions of stars or thousands of nebulae in- 
dividually, statistical mechanics is indicated as the appropriate mathematics 
for the newer problems of astronomy [45]. Theoretical progress is possible partly 
because Emden elaborated (1907) the mathematical theory of gravitational gas 
spheres [46]. The gravitation in this theory is Newtonian. From statistical me- 
chanics it is deduced [45] that a non-rotating cluster of stars or of nebulae must 
be spherically symmetrical to within calculable fluctuations in the distribution of 
the objects composing the cluster. There are available for observational tests 
of the predictions (at least) three large clusters of nebulae, located respectively 
in the constellations Hydra, Perseus, and Coma Berenices. In millions of light 
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years the respective distances of these are twenty-four, thirty-six, and forty- 
five. Compared to the least of the three, the distance of the farthest binary star 
ever observed is practically zero. Thus if theory and observation check, New- 
ton’s law will have been extended enormously. The extension is, as it were, a 
second-order mathematical effect; it is achieved indirectly, through the assump- 
tion of Newton’s law in the derivation of the statistical formulas. The check [45] 
is sufficiently good to be most encouraging to anyone who is discourteous enough 
to abandon his companions on the beaten path and let obsolescence overtake 
the hindmost. 

The Coma cluster consists of some 2,000 nebulae, probably more, of which 
about 650, each with a luminosity exceeding a hundred million times that of the 
Sun, have been identified. These are distributed throughout a sphere whose 
diameter is of the order of five million light years. If the cluster is actually sta- 
tionary, statistical mechanics predicts that the distribution of nebulae through- 
out this sphere is not random; and application of the Emden theory [45, 46] 
gives the rate of decrease in the density of nebulae as the radial distance from the 
center of the sphere increases. The agreement found by Zwicky [45] between his 
calculated and observed radial distribution of nebulae in the Coma cluster is 
most remarkable, and likewise for the Perseus and Hydra clusters. These agree- 
ments between theory and observation can be interpreted as an extension of 
Newtonian gravitation to the realm of the nebulae. 

It is important to notice that the Newtonian law of the inverse square is a 
sufficient, but not necessary, hypothesis to account for the observations. It is 
possible that from further counts of nebulae some power other than the second, 
say the 2.01th, may be demanded; but at present this seems improbable. The 
situation is analogous to that confronting Kepler when he stated his three laws 
which were later to be interpreted by Newton on the basis of the law of the 
inverse square. It has been said, and it appears to be no more than the truth, 
that with more exact observational data at his disposal, no man of Kepler’s 
undeviating intellectual integrity would ever have found his laws. Mathematic- 
ally, Kepler’s laws are both necessary and sufficient for the deduction of New- 
ton’s inverse square law of gravitation. It is indeed fortunate for science, espe- 
cially for the Principia, that the data which Kepler ground through the mill of 
his interminable arithmetic were no better than they were; and it is to be hoped 
that no catastrophic refinement in observational technique will obliterate a 
most promising mechanics of the nebulae before it is fully born. The outstanding 
mathematical problem here is to give a rigorous discussion of Emden’s equation 
and to investigate the domains of existence of any new solutions (n#2) that 
may be found. 

Another recent confirmation [47 | of the Newtonian law from the extra-galac- 
tic nebulae is the observational and theoretical work of Mayall, Aller, and Wyse 
on the spirals Messier 31 (the Andromeda nebula) and Messier 33. Slipher in 1914 
proved that the former is rotating—the first such proof for any nebula. The 
spectroscopically observed distribution of velocities for each of these spirals at 
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different distances from its centre is almost weirdly irregular. Yet, analyzed 
mathematically, the distribution fits the Newtonian law when a reasonable dis- 
tribution of the spiral’s mass is postulated. 

Surely there could be no more fitting gift for Newton on the three-hundredth 
anniversary of his birth than all these extra-galactic confirmations of his law of 
gravitation, unless it be one or other of the many new problems which they sug- 
gest. Among these are the distribution of the nebulae in space, the distribution 
of their velocities, and the shift toward the red of the spectral lines in the light 
from distant nebulae. Attempts to explain the latter are still in progress. The 
theory of the expanding universe, once attractive to theoretical astrophysicists 
as an explanation of the red shift, is not yet refuted or sustained by the experi- 
mental evidence. It appears that the decision must wait for more observational 
data, to be obtained by other instruments than those immediately available. 
Star counts of nebulae and counts of nebulae in clusters will doubtless figure in 
the decision, and these are not yet problems for pencil and paper [48]. It is the 
belief of some whose work entitles them to an opinion on the matter, that in any 
serious attack on these problems and others of the new astronomy, the question 
of the scope of Newtonian gravitation will recur again and again. 


Metaphysics 


At the six-hundredth commemoration of Newton’s birth, if anything worth 
remembering is remembered then, some curious historian may inquire what 
change in Newton’s standing as of 1942 against 1687 most deeply affected the 
so-called common man. A backward glance at the enlarging conception of the 
physical universe in 1942 will suffice to reject it from further consideration. The 
common man of 1942 has all he can do to make a living, or even to keep alive, 
in the world he can see, touch, hear, and smell with his naked senses. The his- 
torian almost certainly will be aware of the common man’s profoundly disturbed 
state of mind in the 1930's; and doubtless some of the scathing rebukes squand- 
ered on him for his cynicism, his poverty of ideals, his callous disregard of this, 
that, or the other sanctity of the past, will have survived in the world museum 
of mental pathology. A note in the catalogue may even state that these musty 
relics have been preserved because they are the first hint, all but imperceptible, 
that the mass of mankind in the early twentieth century was beginning to de- 
velop a mind of its own, and might some day be able to think for itself. 

Trying to recall what first roused this mind to a subconscious distrust of all 
self-constituted authority, the historian may dimly remember something about 
the perihelion of Mercury, the deflection of a ray of starlight grazing the sun, and 
the shift toward the red of the spectral lines of sunlight. It will all come back to 
him then, if he is an orthodox historian of his age. The total collapse in 1915-16 
of Newton’s absolute space, absolute time, absolute motion, that had been be- 
lieved in for two centuries by the majority of thinking mankind, common and 
uncommon, carried down with it ‘more than one absolute that had stood un- 
shaken forathousand years in the popular mind—absolute right, absolute wrong, 
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absolute justice, absolute truth, and all the other hoary old absolutes that 
summed up to absolute authority over what human beings may think and 
what they shall not think. 

The abolition of Newtonian metaphysics is the change of deepest significance. 
for the common man that has occurred since the Principia in 1687 fixed the 
absolutes of space and time in the popular mind no less firmly than in the 
scientific. Though the man who knows little or nothing of science, and who has 
heard of relativity only as a month’s sensation in the press, may be unaware of 
what changed his mind on so many things in less than a generation, it was the 
collapse of Newtonian absolutism that started the radical transformation of his 
attitude toward all absolutes, all authority, and all tradition. The change is 
still stubbornly resisted, especially by the humanistically educated; but not 
even unteachable reactionaries and vestigial mediaevalists believe in their 
hearts that a return to the Newtonian metaphysics of science is possible. What- 
ever the future of relativity is to be, it is unthinkable, to a generation reared in 
its conception of space-time, that theoretical physics can ever again follow the 
strict Newtonian way. 

The first prediction of general relativity, which accounted for the large dis- 
crepancy between observation and calculation by the Newtonian theory in the 
advance of Mercury’s perihelion, was almost decisive. Observational verifica- 
tions of the other predictions of relativity settled the matter, except for those 
who argued that, as the quantitative differences between Newtonian and relativ- 
istic physics are small, therefore one is no better a description of natural 
phenomena than the other. It is not a question of quantity but of quality, a 
fact that no amount of fatuous casuistry can quibble away. As the author of 
relativity has repeatedly declared, a single new observed fact may destroy the 
theory of relativity any day. So far the destructive fact has not appeared. But 
if it should, it would not necessarily be followed by an immediate return to 
Newtonian metaphysics. That, apparently, has gone forever. 

Newton attempted in the first scholium of the Principia to clarify the then 
acceptable notions of absolute time, absolute space, place, and absolute motion. 
The scholia of the Principia, it may be recalled, were designed as a gloss on the 
definitions and propositions to assist the reader’s understanding. A student 
having some acquaintance with the modern postulational method in mathe- 
matics might find this first scholium obscure and hopelessly confused, and 
wonder why readers of the Principia for:so long treated the Newtonian ab- 
solutes with respect. Newton appears to have been at his worst as a meta- 
physician, and that worst, supreme intellect as Newton was, seems to modern 
students to be no better than that of his contemporaries. Servile respect for 
authority, the bane of science, may have stifled objective criticism, perpetuating 
ideas that had better have been forgotten before they were printed. However, an 
independent mind of first-rate intelligence here or there in the century following 
Newton did venture to reject the patent circularities and obvious inconsistencies 
in the famous scholium of the absolutes. Thomas Young [49]. for example. in 
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1807, having stated as a definition that “motion, ... , is the change of rectilinear 
distance between two points,” continued after some argument as follows: 
“ _,. therefore if a single atom existed alone in the universe, it could neither 
be said to be in motion nor at rest. This may seem in some measure paradoxical, 
but it is a necessary consequence of our definition.” Newton himself was dissat- 
isfied with the evident incompatibility between the spatial relativity of his 
dynamics (with reference to unaccelerated motion) and his metaphysics of 
absolutes. Young showed that absolute rest and absolute motion are illusory. 
But more than good logic against bad was required to dispose once for all of an 
impossible metaphysics; and it was only when experiment verified the predic- 
tions of general relativity that the Newtonian absolutes were abolished. 

If relativity destroyed one metaphysics, it and the quantum theory between 
them generated another. This is of particular interest for Newton’s three-hun- 
dredth anniversary, as it is the complete antithesis of his teachings [50] regarding 
the office of experiment in the physical sciences. The most vigorous proponent 
of this anti- Newtonian philosophy of science is Sir Arthur Eddington, professor 
of astronomy and experimental science in the same University of Cambridge 
where Newton lectured on optics and philosophized about the part of experi- 
ment in the search for positive knowledge. An adequate presentation of Edding- 
ton’s scientific philosophy is oui of the question here, and any short notice of it 
* may do it injustice. However, as he himself has presented it with his usual 
clarity and charm in places readily accessible [51], any injustice is not as serious 
as it might be. 

Though not a full return to Pythagorean numerology and Platonic realism, 
the anti-experimental philosophy is hauntingly reminiscent of both. Two much- 
quoted professions of faith will suffice to indicate the chasm that separates the 
new from the old. “An intelligence unacquainted with our universe, but ac- 
quainted with the system of thought by which the human mind interprets to 
itself the content of its sensory experience, should be able to attain all the 
knowledge of physics that we have attained by experiment. He would not de- 
duce the particular events and objects of our experience, but he would deduce 
the generalizations we have based on them. For example, he would infer the 
existence and properties of sodium, but not the dimensions of the earth.” Again, 
“I believe . . . [that] all the laws of nature that are usually classed as funda- 
mental can be foreseen wholly from epistemological considerations.” Sublime, 
if true. Also one of the perfect ironies of history. 

In support of his belief, Eddington claims to deduce the value 137 for 
the fine-structure constant of spectroscopy. While not pretending to follow the 
proof, experimental physicists admit that ‘137’ (it was 136 at first) [52] was the 
direct occasion for certain refined experiments in electronics. The men who per- 
formed these experiments state that 137 is factually correct to well within the 
probable errors of measurement. Until Eddington claimed to have proved that 
this constant must be an integer, and stated 137 as the integer, no experimental 
physicist had suspected as much. “Now,” as one competent authority said, “you 
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have got to accept 137 whether you like it or not.” To this extent, at least—two 
other consequences of the theory are substantiated by previous laboratory tests 
—the theory has discharged its scientific function: it has predicted an experi- 
mentally verified fact. Should it continue to be as successful, the new natural 
philosophy will be of quite another order than Newton's, and all that followed 
from his will be a trivial detail in the most astounding scientific generalization 
since Pythagoras succeeded in astonishing himself with the pseudo-discovery 
that everything is number. Possibly a decision between the Newtonian and 
the Eddingtonian philosophies of science will have been reached by the year 
2242. Until then, bystanders can only watch and hope. 


If nothing has been said about Newton’s life and character, it is because both 
were exhaustively discussed in connection with the two-hundredth anniversary 
of his death and for a decade thereafter. From all that discussion Newton 
emerged as a human being. The insipid saint of the nineteenth century was a 
pious myth; Newton could be as angry, as petty, and as generous as any normal 
man. It is no longer reputable for a retrospective generation to endow its heroes 
with all the virtues with which it might like to be credited, but which it lacks. 
In regaining the common humanity of which apologetic sentimentalists had 
robbed him, Newton lost nothing of the one thing that distinguished him from 
his fellow men. The supremacy of his intellect has not been challenged. 

By 1942, western civilization had experienced three centuries, more or less, 
of the modern science which developed from the experimental-mathematical 
method of Galileo and Newton. Among other things this science has taught open 
minds is a decent humility in the presence of nature. The old assurances and 
arrogances are gone; the universe is not a book to be read in a cloister, nor is 
the solar system the simple parish it was in the middle ages. If little is known 
now, less was known then. Yet the majority, if the choice were theirs, would 
probably return to the centuries before Galileo and Newton were born. Not all 
are envious reactionaries; many sincerely and ignorantly believe that science 
has showered the world with a wealth of material comforts while robbing it of 
what they call spiritual values. 

If they ever think at all about their place and function in society, scientists 
may be inclined to overestimate their importance as shapers of public opinion 
and educators of the mass of mankind. The mass of mankind knows next to 
nothing of them or their work, and if it knew more, might think even less. What 
little it does know fosters a sullen distrust. Men who hold their hypotheses 
lightly or who, like Newton [53], glory that they frame none, are not popular. 
They never were. And while science goes its indifferent way, the world it would 
serve yearns for the futilities of a nostalgic humanism that knew better days 
three hundred years ago, and surrenders its intelligence to the unreason of 
credulous mysticisms. 

If the world is to abandon science and return to the past, somewhere on its 
way in the next three centuries Newton’s estimate of his scientific work will be 
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confirmed; and his Observations upon the Prophecies of Daniel and the Apocalypse 
of John, with The Chronology of Ancient Kingdoms amended, on which he 
lavished his intellectual powers in the latter half of his life, will outlive the 
Opticks and the Principia. 
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THE TWENTY-FIFTH SUMMER MEETING OF THE 
MATHEMATICAL ASSOCIATION 


The twenty-fifth summer meeting of the Mathematical Association of Amer- 
ica was held at Vassar College, Poughkeepsie, New York, on Monday to Wed- 
nesday, September 7-9, 1942, in conjunction with the summer meeting and 
colloquium of the American Mathematical Society and the meeting of the 
Institute of Mathematical Statistics. Two hundred eighty-three were in attend- 
ance at the meetings, including the following one hundred thirty-nine members 


of the Association: 


C. R. ApaMs, Brown University 

R. P. AGNEw, Cornell University 

R. C, ARCHIBALD, Brown University 
L. A. Aroran, Hunter College 

W. L. Ayres, Purdue University 


FrancEs E, BAKER, Vassar College 
AARON Bakst, Columbia University 
Grace M. Barets, Ohio State University 
WALTER Bartky, University of Chicago 
E. G. BEGLE, Yale University 

Brother BERNARD ALFRED, Manhattan College 
FELIx BERNSTEIN, New York University 
Henry BLUMBERG, Ohio State University 
Juxia W. Bower, Connecticut College 

R. W. Brink, University of Minnesota 
A. B. Brown, Queens College 

J. A. BuLLarp, University of Vermont 

F. J. H. Burkett, Union College 
Hosart BusHey, Hunter College 
JEWELL HuGueEs Busuey, Hunter College 


S. S. CarRNs, Queens College 

W. D. Carrns, Oberlin College 

B. H. Camp, Wesleyan University 

W. B. Carver, Cornell University 

F. CELauro, Loyola College 

W. F. CHENEY, Jr., University of Connecticut 
L. W. CouENn, University of Kentucky 
Nancy Cote, Sweet Briar College 

E. P. CotemaNn, U. S. Military Academy 
J. A. CooLry, University of Tennessee 

T. F. Cope, Queens College 

A. H. CopeLanp, University of Michigan 
RICHARD CourANT, New York University 
C. C. Craic, University of Michigan 

J. H. Curtiss, Cornell University 


D. R. Davis, State Teachers College, Mont- 
clair, N. J. 

F. F. DECKER, Syracuse University 

R. P. Ditwortu, Yale University 


C. D. Firestone, Cornell University 

M. M. FL Loop, Princeton University 

L. R. Forp, Illinois Institute of Technology 

R. M. Foster, Bell Telephone Laboratories 

B. P. GiLx, College of the City of New York 

R. E. Brown University 

A. M. GrnsBurG, Bronx Vocational High School 

MICHAEL GOLDBERG, Bureau of Ordnance, 
Navy Department 

CorRNELIUS GouwENs, Iowa State College 

H. S. Grant, Rutgers University 

R. E. GREENWOOD, Jr., University of Texas 

T. N. E. GrEvILLeE, Bureau of the Census 

C. C. Grove, College of the City of New York 

V. G. Grove, Michigan State College 


D. W. HALL, Brown University 

OLIVE C. Hazcett, University of Illinois 

G. A. HEDLUND, University of Virginia 

E. R. Heprick, University of California at Los 
Angeles 

L. S. Hitt, Hunter College 

E1narR Yale University 

T. R. Hottcrort, Wells College 

GrRacE M. Hopper, Vassar College 

W. A. Hurwitz, Cornell University 


DunuaAM JACKSON, University of Minnesota 
Fritz JOHN, University of Kentucky 

R. A. Jounson, Brooklyn College 

B. W. Jones, Cornell University 

Harris Jones, U. S. Military Academy 
MARGARET E, Jones, Ohio State University 


Awa Ka isu, Columbia University 

WILFRED KapLaNn, University of Michigan 

EpwaArp Kasner, Columbia University 

L. M. KEL ty, U. S. Coast Guard Academy 

J. R. Kuing, University of Pennsylvania 

MauricE KralitcHik, New School for Social 
Research 
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A. E. LANpry, Catholic University of America 

R. E. LANGER, University of Wisconsin 

GILLIE A. LAREw, Randolph-Macon Woman's 
College 

SOLOMON LEFSCHETZ, Princeton University 

C. I. Lubin, University of Cincinnati 


C. C. MacDurFeE, Hunter College 

SAUNDERS Mac LANneg, Harvard University 

H. F. Mac Nets, Brooklyn College 

N. H. McCoy, Smith College 

Morris MARDEN, University of Wisconsin at 
Milwaukee 

D. May Hickey Maria, Brooklyn College 

MARGARET P, Martin, Columbia University 

A. E. MEpER, Jr., New Jersey College for 
Women 

F. H. MILLER, Cooper Union 

E. B. MopE, Boston University 

E. C. Motrna, Bell Telephone Laboratories 

DEANE MoNntTGOMERY, Smith College 

C. N. Moore, University of Cincinnati 

EvuGENIE M. Morenus, Sweet Briar College 

RICHARD Morris, Rutgers University 

D. S. Morse, Union College 

Marston Morse, Institute for Advanced 
Study 

F. C. MosTELLer, Princeton University 


AsBa V. NEwrTon, Hartwick College 


E. G. Otps, Carnegie Institute of Technology 
OysTEIN ORE, Yale University 


Gorpon PALt, McGill University 
C. R. PHEtps, U. S. Naval Academy 
A. E. Pitcuer, Lehigh University 
G. B. Price, University of Kansas 


S. E. Rasor, Ohio State University 
L. L. Raucu, Princeton University 
Mirna S. REEs, Hunter College 


C. F. REHBERG, New York University 

W. T. Rep, University of Chicago 

R. G. D. RicHarpson, Brown University 

J. F. Ritt, Columbia University 

H. A. Rosinson, U. S. Military Academy 

SELBY Rosinson, College of the City of New 
York . 

R. E. Root, U. S. Naval Academy 


ARTHUR SARD, Queens College 

ScHEFFE, Princeton University 

ABRAHAM SCHWARTZ, Pennsylvania State Col- 
lege 

A. J. Smitu, Philadelphia, Pa. 

VIRGIL SNYDER, Cornell University 

E. Spencer, Department of Com- 
merce 

ABRAHAM SPITZBART, University of Minnesota 

Otto SzAsz, University of Cincinnati 

GABOR SZEG6, Stanford University 


J. D. Tamarkin, Brown University 

C. J. THoRNE, University of Michigan 

L. V. ToRALBALLA, Michigan State College 
A. W. Tucker, Princeton University 

J. W. Tukey, Princeton University 


R. M. WALTER, New Jersey College for Women 

Louis WEISNER, Hunter College 

Mary EVELYN WELLS, Vassar College 

E, T. WELMERS, Michigan State College 

G. T. WHyBurN, University of Virginia 

R. L. Wiper, University of Michigan 

S. S. Wivks, Princeton University 

CLEMENT WINsTON, Office of Price Adminis- 
tration 

Jack WoL FE, Brooklyn College 

EupHEMIA R. WorTHINGTON, University of 
California at Los Angeles 


R. C. Yates, U. S. Military Academy 
C. H. YEATON, Oberlin College 


The mathematicians found it very convenient to have dormitory rooms, 
social rooms, and the dining room in Main Building of Vassar College, with 
only a short distance to the lecture rooms in Rockefeller Hall. The social par- 
lors were continually in use throughout the week. On the opening afternoon a 
tea was given by the Department of Mathematics in the Aula; a notably large 
number were present at the very outset of the meetings. At eight-thirty on Wed- 
nesday evening a delightful concert was given in Skinner Recital Hall by 
members of the faculty of the Department of Music. 
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One hundred sixty-two shared in the joint dinner on Wednesday evening. 
The toastmaster, Professor H. S. White, introduced President McCracken who 
welcomed the mathematicians as he had done nineteen years before on the occa- 
sion of the previous Vassar meeting, and he gave an interesting characterization 
of the student body of Vassar College. As the chief speaker of the evening, Pro- 
fessor Langer described the distinct change of mind that has occurred in the 
past year in regard to mathematics. Instead of strong objections from high 
school educators to college requirements in preparatory mathematics, we see a 
strong support of mathematical training and a recognition of its great advan- 
tages, a greater responsiveness and greater appreciation on the part of the stu- 
dents. There is now presented to all of us a great challenge, whether we are 
adapting mathematics to war efforts or are continuing to teach the mathemat- 
ical material which is needful in the present emergency. And we face an even 
greater challenge in carrying on our courses in advanced mathematics for the 
sake of the more distant future. On motion of Professor Reid a resolution was 
adopted by a rising vote thanking the administration of Vassar College and the 
mathematics staff for their hearty welcome, their many provisions of the facili- 
ties and conveniences which go so far toward making a success of our meetings. 

The American Mathematical Society held sessions beginning Tuesday fore- 
noon and continuing through Thursday forenoon. Professor R. L. Wilder gave 
four lectures on “Topology of manifolds” as the twenty-fourth Colloquium. On 
Wednesday afternoon Professor W. L. Ayres gave an invited lecture on “Trans- 
formations with periodic properties.” 

The Institute of Mathematical Statistics held sessions for the reading of 
papers on Tuesday afternoon and Wednesday forenoon. On Wednesday after- 
noon a joint session with the Society was held on the general topic “The ap- 
plicability of mathematical statistics to war efforts.” 

The Mathematical Association held sessions on Monday morning and after- 
noon. The thanks of the Association are due the program committee, which 
consisted of Professors Jewell Hughes Bushey, Philip Franklin, and R. E. 
Langer, chairman. The program follows, together with abstracts of some of the 
papers numbered in accordance with their place on the program. 


First SESSION OF THE ASSOCIATION 


1. “The nature of the applications of mathematics in meteorology” by Pro- 
fessor BERNARD HAuRWITz, Massachusetts Institute of Technology. 

2. “A method in cryptography” by Professor L. S. Hitt, Hunter College. 

3. “The Postgraduate School of Mathematics and Mechanics at Annapolis” 
by Professor R. E. Root, U. S. Naval Academy. 


1. Professor Haurwitz’s paper will appear in an early issue of the MONTHLY. 
3. Certain significant events in the history of the Naval Postgraduate 
School at Annapolis were briefly discussed by Professor Root in explaining the 


1942] SUMMER MEETING OF THE MATHEMATICAL ASSOCIATION 579 


development of mathematics and mechanics in the curricula of the school. From 
the beginning in 1909 and the layout of a single one-year curriculum for mechani- 
cal and electrical engineers by the first three professors in 1913-14, main fea- 
tures were: (a) investigation and recommendations by a committee of prominent 
engineering educators, appointed by the President of the Society for Promotion 
of Engineering Education, in 1916, at the request of the late Rear Admiral 
John Halligan, then Head of the School; (b) reorganization of the school after 
the war, in 1919, under Captain E. J. King, with one year curricula in mechani- 
cal, electrical, radio and aeronautical engineering and in ordnance, naval con- 
struction and civil engineering; (c) a transition, completed about 1933, to 
curricula covering two years at Annapolis, the first year given largely to 
non-technical “general line” subjects, but including five hours per week of 
mathematics and mechanics for pre-technical groups. 

Emphasis was placed on the cooperation of civilian institutions and on the 
arrangements with certain schools to which special groups may be sent for spe- 
cialized courses in the second or third year. 

Just before the present national emergency there were five major curricula 
each running through two years at Annapolis and one year at another institu- 
tion. Each had a general objective, and each course had its specific objective, 
the extent, content, and treatment of the work in each subject being a matter 
of special planning in relation to these objectives. With the increased diversity 
of subject matter in the several curricula, naval engineering, radio engineering, 
ordnance engineering, aeronautical engineering, and aerological engineering, the 
professors in mathematics and mechanics developed special fields of interest, 
each major sequence of courses in a curriculum being the particular venpense- 
ity of some one professor. 

Under present war conditions the time schedules are revised, non-technical 
courses are dropped, and the time of each curriculum reduced as much as pos- 
sible without sacrificing the general objective. New curricula are also established 
for the training of new reserve officers, graduates in engineering, for certain 
naval specialties. 


SECOND SESSION OF THE ASSOCIATION 


1. “The mathematical consultant, past, present and future” by Professor 
WALTER BartTky, University of Chicago. 

2. “Applied mathematics” by Professor H. B. PHILiips, Massachusetts 
Institute of Technology. 


MEETING OF THE BOARD OF GOVERNORS 


Nine members of the Board were present at the meeting Monday evening, 
including four regional governors. 

The following twenty-eight persons were elected to membership on applica- 
tions duly certified: 
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H. W. Becker. Electrician, Mare Island 
Navy Yard, Vallejo, Calif. 

F, C. BrEsELE, Ph.D.(Texas) Instr., Univ. of 
Utah, Salt Lake City, Utah 

B. K. Brown, A.M.(Colorado) Instr., Colo- 
rado School of Mines, Golden, Colo. 

RAPHAEL CERINO, A.B.(Brooklyn) Appren- 
tice Shipfitter, Navy Yard, New York, 

E. P. CoLEMAN, M.S.(Iowa) Capt., Instr., 
U.S. Military Acad., West Point, N. Y. 

H. D. Corson, A.B.(Minnesota) Teaching 
asst., Univ. of Minnesota, Minneapolis, 
Minn. 

W. H. Covutter, Licentiate of instruction 
(Nashville Nor. Coll.) Retired, Railway 
mail clerk-in-charge, Decatur, III. 

F. T. Frank, A.B.(Stanford) Engineer, Board 
of Fire Underwriters of the Pacific, San 
Francisco, Calif. 

W. J. Fry, M.S.(Pennsylvania State) Sound 
Division, Naval Research Lab., Washing- 
ton, D. C. 

MARjoRIE J. Groves, A.M.(Chicago) Li- 
brarian, Eckhart Library, Univ. of Chi- 
cago, Chicago, II. 

H. T. Guarp, M.S.(Colorado) Instr., Colo- 
rado State Coll. of A. and M.A., Fort Col- 
lins, Colo. 

M. H. Herns, Ph.D.(Harvard) Asst. Prof., 
Illinois Inst. of Tech., Chicago, III. 

Apa F. Jounson, Ph.D.(Minnesota) Prof., 
Math. and Physics, Rockford Coll., Rock- 
ford, Ill. 
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ERNEST JOHNSTON, M.S.(Illinois) Instr., Aus- 
tin Junior Coll., Austin, Minn. 

Awa Kattsu, A.B. (Brooklyn) Grad. student, 
Columbia Univ., New York, N. Y. 

L. N. KA.ireiz, B.S. in Educ.(Syracuse) 
Teacher, The Peddie School, Hightstown, 
N. J. 

L. C. Knicut, Jr., A.M.(Kent) Instr., North- 
eastern Oklahoma Junior Coll., Miami, 
Okla. 

H. E. Newson, Ph.M.(Wisconsin)  Instr., 
Gustavus Adolphus Coll., St. Peter, Minn. 

H. C. Parrisu, M.S.(N. Texas St. T. C.) Asst., 
Ohio State Univ., Columbus, Ohio 

A. M. Petser, A.M.(Cornell) Instr., Cornell 
Univ., Ithaca, N. Y. 

L, L. Raucu, A.B.(Southern California) Grad. 
student, Princeton Univ., Princeton, N. J. 

C. F. REHBERG, A.M.(Columbia), M.E.E.(New 
York Univ.) Instr., Elec. Eng., New York 
Univ., New York, N. Y. 

Sister M. RosaLin SCHAEFFER, A.M.(Catholic 
Univ.) Instr., Ursuline Coll., Louisville, Ky. 

A. J. Situ, Ph.D.(Pennsylvania) Philadel- 
phia, Pa. 

R. S. Spencer, M.S.(Michigan) Physicist, 
Dow Chemical Co., Midland, Mich. 

C. J. THorne, Ph.D.(Ilowa State) Instr., 
Univ. of Michigan, Ann Arbor, Mich. 

H. W. A.M.(Missouri) Asst. Prof., 
Colorado State Coll. of A. and M.A., 
Fort Collins, Colo. 

Sister GERTRUDE MARIE Z1EROFF, M.S.(St. 
Louis Univ.) Instr., Marian Coll., Indi- 
anapolis, Ind. 


President Marston Morse of the Society addressed the Board with reference 
to requesting deferment for those students of mathematics who (1) give promise 
of becoming research scientists, (2) plan to become college teachers and are 
competent persons, or (3) plan to be trained for high school teaching. The mem- 
bers of the Board agreed in the judgment that we might well ask deferment for 
the first two groups but not for the third even in states where there is a shortage 
of high school teachers. 

On recommendation of the Executive Committee it was voted, among other 
measures, (1) to postpone the Putnam Competition for the present, as already 
announced; (2) to extend the terms of office of regional governors so as to ter- 
minate on July 1 instead of at the time of the annual meeting, the regional gov- 
ernors thereby having a better opportunity to acquaint themselves with the 
duties of the office before the annual meeting; (3) to appropriate $400 from the 
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1940 and 1941 income from the Chace Fund for aid in the publication by the 
American Oriental Society of a volume on Babylonian mathematical tablets by 
Professor Otto Neugebauer and Doctor A. J. Sachs; (4) to participate formally 
in symposia Wednesday, December 30, as planned by the Secretaries of Sections 
A and L, in observance of the 300th anniversary of the death of Galileo and the 
birth of Newton; (5) to make an appropriation of $400 in 1943 toward the ex- 
pense of printing and distributing the National Mathematics Magazine for 
1942-43, either as a provision in the 1943 budget or from one of the special 
funds. 

On recommendation of the Finance Committee it was voted (1) to continue 
to employ the Cleveland Trust Company as our financial adviser for 1943; (2) 
to utilize the appropriation of $200 in the 1942 budget, together with any neces- 
sary addition, for the expenses of the regional governors to the 1942 annual 
meeting, to the extent of one-third of the first-class railroad fare to and from the 
meeting. 

The Board adopted formal resolutions empowering the Cleveland Trust 
Company to sell certain registered bonds for the sake of a desirable reinvestment 
and empowering the Cleveland Trust Company to collect interest coupons. 

Because of the war conditions it was voted to recall our acceptance of the 
invitation to meet at Boulder in the summer of 1943, and to,express our hope 
that we may meet there when normal times return. 

Miss Marjorie J. Groves was appointed an associate editor for 1942. 


W. D. Cairns, Secretary-Treasurer 


NINETEENTH ANNUAL MEETING OF THE INDIANA SECTION 


The nineteenth annual meeting of the Indiana Section of the Mathematical 
Association of America was held Friday and Saturday, April 24 and 25, 1942, at 
Wabash College, Crawfordsville, Indiana. 

Sixty registered at the meetings, including the following thirty-three mem- 
bers of the Association: W. C. Arnold, Emil Artin, W. L. Ayres, Juna L. Beal, 
L. G. Black, I. W. Burr, G. E. Carscallen, K. W. Crain, W. E. Edington, P. D. 
Edwards, B. C. Getchell, E. L. Godfrey, G. H. Graves, H. E. H. Greenleaf, C. T. 
Hazard, Cora B. Hennel, F. H. Hodge, H.K. Hughes, M.W. Keller, W.C. Krath- 
wohl, Cornelius Lanczos, Karl Menger, G. T. Miller, Paul Muehlman, P. M. 
Pepper, J. C. Polley, C. K. Robbins, L. S. Shively, D. R. Shreve, M.S. Webster, 
F. J. Weyl, K. P. Williams, H. E. Wolfe. 

At the business meeting on Saturday the following officers were elected for 
next year: Chairman, J. C. Polley, Wabash College; Vice-Chairman, P. M. 
Pepper, Notre Dame University; Secretary, M. W. Keller, Purdue University. 
The twentieth annual meeting will be held April 9 and 10, 1943, at Notre Dame 
University. 
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At the annual dinner on Friday evening the chairman, Professor P. D. Ed- 
wards of Ball State Teachers College, acted as toastmaster and introduced Dr. 
F, Sparks, President of Wabash College, who welcomed the visitors. 

Following the dinner the first session of the Section was held with Professor 
H. T. Davis of Northwestern University as guest speaker. His subject was 
“Dinner with Archimedes.” Professor Davis invited the audience to have dinner 
with him at the request of King Ptolemy Philadelphus, the second ruler of 
Alexandria. The dinner was in honor of Archimedes, a distinguished visitor 
from Syracuse. At the dinner the audience met the various guests King Ptolemy 
had invited. The amazingly modern work of the Alexandrian Museum of this 
golden period was revealed in the conversations between these people, and the 
court of Ptolemy Philadelphus was shown to equal both in luxury and learning 
that of any in more modern history. 

Saturday morning Professor Davis gave a second lecture. His subject was 
“A mathematical theory of income and its consequences.’ He considered the 
problem of representing mathematically the frequency function which describes 
the distribution of the national income among income recipients. The distribu- 
tion is characterized by an-abnormally large standard deviation, and by the fact 
that the modal income is very close to the wolf-point, that is to say, the income 
of subsistence level. For large incomes the distribution must give asymptotically 
the Pareto law, which asserts that in normal economies the distribution of in- 
come is represented by the formula, y=ax~*, where y is the number of people 
having the income x or greater, and v is approximately 1.5. The function which 
most satisfactorily describes the distribution is given by 


(2) = 

x)= 
— 

where z=x—c, n—v=2, c is the wolf point, and ¢(x) is the number of people 

with incomes between x and x+dx. 

National industrial production, P, represented by the Douglass-Cobb 
formula, P=AL’C*, p+q=1, where L measures labor and C measures capital, 
is found to be a function of the concentration of wealth, represented by the ratio, 
p=1/(2v—1). The relationship between industrial production and the distribu- 
tion of income is thus exhibited, and certain consequences derived. 


At the two sessions on Saturday the following seven papers were presented: 


1. “The work of the Indiana Section” by Professor P. D. Edwards, Ball 
State Teachers College, retiring chairman of the Indiana Section. 

2. “On the curvature of surfaces” by Professor Karl Menger, Notre Dame 
University. 

3. “On the value distribution of meromorphic functions” by Dr. F. J. Weyl, 
Indiana University. 

4. “Results of a diagnostic testing and remedial teaching program” by Dr. 
D. R. Shreve and Dr. M. W. Keller, Purdue University. 
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5. “Linear and almost linear sets” by Professor P. M. Pepper, Notre Dame 
University. 

6. “Remarks on a problem of Kakeya” by Dr. J. W. T. Youngs, Purdue 
University, introduced by Professor Ayres. 

7. “On curves in 3-space” by Dr. Peter Scherk, Indiana University, intro- 
duced by Professor Williams. 


Abstracts of papers follow. 


1. Professor Edwards gave a summary of the mathematical work presented 
at the meetings of the Indiana Section of the Association since its organization 
in 1924. A statistical summary of papers presented, attendance, etc., was in- 
cluded. The influence of the Indiana Section as an organization was noted and 
attention was called to needs of the immediate future that must be met by the 
members. 

2. Professor Menger showed how the curvature of a curve C at a point P 
may be defined by a direct limit process, viz., as the reciprocal of the limit of the 
radii of circumcircles formed for triples of points of C converging towards P. 
This definition is exclusively based on the distance between the points of C and, 
hence, is applicable to any curve contained in a general metric space in the 
sense of Frechét. In an analogous way, the Gauss curvature of a surface S at a 
point P may be defined by considering quadruples of points of S converging 
towards P. However, instead of the circumsphere of a quadruple of points, one 
has to study the radius of a sphere containing four points whose six distances 
are respectively equal to those between the points of the quadruple. By a sphere 
of positive, infinite or negative radius we mean an ordinary sphere in which the 
distance of two points is the .ength of the minor arc of the great circle joining 
the two points, or the euclidean plane, or the hyperbolic plane, respectively. 

3. Dr. Weyl’s report dealt with R. Nevanlinna’s defect relation for mero- 
morphic functions. As the sharpest and most natural generalization of ‘E. Pi- 
card’s classical theorem that a meromorphic function cannot leave out more than 
two values, this relation is sufficiently attractive to warrant the search for a 
proof of greatest possible simplicity. The one presented by Dr. Weyl was based 
upon ideas of L. V. Ahlfors and might well be considered simple enough to 
make Nevanlinna’s result a possible candidate for inclusion in any graduate 
course on Complex Variables. 

4. Dr. Shreve gave a report on a three-year experiment in the teaching of 
trigonometry and elementary algebra to freshmen students of engineering in 
Purdue University. The control group was taught in the usual manner. The 
experimental group was given seven lessons in review of elementary algebra 
preceding the study of trigonometry. In teaching the experimental group the 
concepts and skills to be given particular emphasis were determined from an 
error analysis of the difficulties which the students in the control group had en- 
countered. He reported that by this procedure it had been possible to reduce the 
number of failures by more than thirty-five per cent and increase the number 
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of A’s by fifty per cent although the control group was initially slightly superior 
in ability as measured by preliminary tests. 

5. Professor Pepper stated that Menger had shown each semimetric space 
of five or more points all of whose triples are linear is linear and the existence 
of four point non-linear sets whose triples are all linear. Professor Pepper made 
a survey for each k of all (5+)-point semimetric spaces with exactly k+1 
non-linear triples and showed that each semimetric space of 5+ points with 
at most k non-linear triples is actually linear. He also showed that in any non- 
linear semimetric space of more than four points at most two points can escape 
lying in at least one non-linear triple. He gave the following corollary to this: 
Each non-linear semimetric space which has non-denumerably many points 
must have non-denumerably many non-linear triples. Congruent imbeddings 
into function space were given for some of those non-linear spaces which are 
metric. 

6. Dr. Youngs presented an outline of the history of a celebrated problem 
of Kakeya with a sketch of the elegant solution by Perron. 

7. Dr. Scherk showed how some concepts of algebraic geometry can be 
translated to real non-analytical curves which are assumed to have tangents 
and osculating planes everywhere. Thus, the local behavior of such a curve 
can be described by means of a set of three numbers that is the precise generali- 
zation of the characteristic (mod 2) of algebraic curves. Since the points of a 
non-analytic curve are bound together by no tie, one has introduced beside the 
order, rank, class in the large of such a curve (equal number respectively, of 
points of the curve in a plane, tangents through a straight line, osculating 
planes through a point) corresponding local concepts. Assuming reasonable 
smoothness, he proved that the local order, class, and rank can be expressed 
through the characteristic in a simple way, and that, especially, the first two 
are equal. This last result followed at once from the deeper theorem that the 
first and last of the characteristic numbers are dual to one another, while the 
second is self-dual. 

M. W. KELLER, Secretary 


THE TWENTY-THIRD ANNUAL MEETING OF THE 
ILLINOIS SECTION 


The twenty-third annual meeting of the Illinois Section of the Mathemati- 
cal Association of America was held at James Millikin University, Decatur, 
Illinois, on Friday and Saturday, May 8 and 9, 1942. Professor R. N. Johan- 
son, chairman of the Section, presided at all sessions. 

The attendance at the sessions was approximately forty-five, including the 
following twenty-eight members of the Association: Beulah Armstrong, Edith I. 
Atkin, S. F. Bibb, O. K. Bower, Laura E. Christman, W. H. Coulter, D. R. 
Curtiss, J. E. Davis, W. W. Denton, Elinor B. Flagg, A. E. Gault, B. H. 
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Gere, G. D. Gore, M. R. Hestenes, Mildred Hunt, R. N. Johanson, E. C. Kiefer, 
J. M. Kinney, W. C. Krathwohl, H. J. Miles, C. N. Mills, G. E. Moore, E. J. 
Moulton, Margaret Olmsted, F. C. W. Olson, E. W. Ploenges, Ruth B. Ras- 
musen, E. H. Taylor. 

At the annual business meeting the following officers of the Section were 
elected: Chairman, E. W. Ploenges, James Millikin University; Vice-Chairman, 
C. N. Mills, Illinois State Normal University; Secretary, E. C. Kiefer, James 
Millikin University. The members of the Section voted to join with the Indiana 
and the Michigan Sections in a joint meeting in 1943 to be held at Notre Dame 
University, the details of this meeting to be announced early next spring. 
The next regular meeting of the Illinois Section will be held in 1944 at Illinois 
State Normal University, Normal, Illinois. 

The following twelve papers were presented: 

1. “Mathematics for the consumer” by Laura E. Christman, Senn High 
School, Chicago. 

2. “The construction and use of a mathematics placement test” by Dr. 
B. H. Gere, Herzl Junior College, Chicago. 

3. “Determinant theory without the use of inversions” by Dr. I. E. Perlin, 
Illinois Institute of Technology. 

4, “Trigonometry for the Navy V-7 program” by Professor G. E. Moore, 
University of Illinois. 

5. “Teaching college geometry from the teacher-training point of view” 
by Professor C. N. Mills, Illinois State Normal University. 

6. “Determinants and Taylor's Theorem” by Dr. Bernard Friedman, 
Woodrow Wilson Junior College, introduced by the Secretary. 

7. “Report of meetings of Board of Governors” by Professor W. C. Krath- 
wohl, Illinois Institute of Technology. 

8. “Mathematics and war” by Professor E. J. Moulton, Northwestern 
University. 

9. “A page of vector calculus for sophomores” by Professor G. D. Gore, 
Central Y.M.C.A. College, Chicago. 

10. “Critical points of functions” by Professor M. R. Hestenes, University 
of Chicago. 

11. “Mathematics in the canning industry” by F. C. W. Olson, American 
Can Company, Maywood, Illinois. 

12. “An analogue of Pascal’s arithmetical triangle” by Professor S. F. 
Bibb, Illinois Institute of Technology. 

Abstracts of some of the papers follow: 

1. High school mathematics may benefit three groups of future citizens: 
members of professions, members of skilled trades, and consumers. The clas- 
sical development of high school mathematics aims to help the future member 
of a profession, essential mathematics and shop mathematics do the same 
thing for the skilled worker (as far as we can start to grade such needs at this 
early date) but the consumer is seldom considered in our mathematics program. 
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Senn High School, Miss Christman stated, is offering a course called “Mathe- 
matics for the Consumer” based on the text of the same name by Anna Louise 
Cowan, published by Stackpole Sons. Decimals and percentage are the mathe- 
matical background of the course. Some pupils continue into solid geometry 
from this course. 

2. Dr. Gere outlined a procedure for constructing a placement test. The 
labor involved in the construction is small but the results are satisfactory for 
many placement problems. A number of results obtained from the use of a test 
actually constructed according to this procedure were presented. 

4. A three semester hour course designed for men near graduation, with no 
college mathematics, except perhaps algebra, was described by Professor 
Moore to show how the University of Illinois meets the needs of the Navy V-7 
program. Special emphasis is placed upon computation; half of the course 
deals with the trigonometry of the earth and the celestrial sphere. With the 
cooperation of Professor R. H. Baker of the Department of Astronomy students 
are given lectures, outside class time, on celestial coérdinates, time (siderial, 
solar, mean sun, civil), the sextant and its use, star charts, etc. 

5. Professor Mills stated that the golden thread which binds many of the 
different topics in college geometry is “Harmonic Ratio,” saying that by means 
of analytical relations between the various topics usually considered, the stu- 
dent is given a broader point of view of college geometry and projective geom- 
etry. Paper folding exercises and properly designed construction plates afford 
an interesting approach to the general theorems. _ 

6. Dr. Friedman presented a new method for obtaining old and well-known 
results. If a determinant is considered as a function of any set of its elements 
and then Taylor’s Theorem is applied to this function, the determinant can be 
expanded into a sum of terms denending upon the particular elements chosen. 
In this way, the expansion by minors, the characteristic equation of a deter- 
minant, Laplace’s expansion, Cauchy’s expansion and Cayley’s expansion (see 
Muir and Metzler’s Theory of Determinants) can be quickly and conveniently 
found. 

9. Professor Gore adapts to several kinds of motion in the plane the deriva- 
tive of a vector with respect to a scalar. The object is to give to students of the 
sophomore levels of calculus, mechanics, and engineering kinematics a com- 
mon language in which to study motion; and to give them greater facility with 
such entities as displacement, velocity, and acceleration than has been attained 
by methods that employ only the usual Cartesian and polar coérdinates. The 
simplification of these subjects, which is achieved by a modicum of vector 
calculus, seems to warrant the introduction of the concept of the vector deriva- 
tive at an earlier stage than is now customary in mathematical education. 

10. Professor Hestenes considered the historical development of the theory 
of critical points. He made a survey of various definitions of critical points and 
their indices, and discussed their relation to restricted maxima and minima, 
considering these topics from an analytic and a topological point of view. He 
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pointed out how these results can be extended to obtain similar results in the 
calculus of variations. 

11. Mr. Olson discussed some of the mathematical problems involved in 
determining the proper processing time and temperature to sterilize canned 
foods. Bacterial death rates as a function of the temperature are combined with 
the heating equation to form a criterion of sterility whose solution, although of 
formidable complexity, has been successfully accomplished by tabulation of 
auxiliary functions, and more recently by nomograms. Fundamental studies 
of the properties of the heating equation and its solutions have materially in- 
creased the usefulness and scope of mathematics as applied to canning problems. 

12. Professor Bibb showed how y,=f(x), obtained by eliminating the 
parameter ¢ from the pair of equations y,=i"+r-", [t¥0, n=1, 


2, 3,---,], might be written as 2/_)(—1)*(,D,)x"-*, where the ,D, are deter- 
minants with elements of the form ,C,. He then pointed out the coefficients, 
nD,, of the polynomials for »=1, 2, 3,---, could be arranged as a triangle 


analogous to that of Pascal. 
C. N. MILLs, Secretary 


THE SPRING MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 


The Spring meeting of the Maryland-District of Columbia-Virginia Section 
of the Mathematical Association of America was held at Randolph-Macon 
College at Ashland, Virginia, on Saturday, May 2, 1942, with a morning session, 
luncheon, and afternoon session. Professor E. J. McShane, chairman of the 
Section, presided at the sessions. 

The attendance was twenty-eight including the following sixteen members 
of the Association: M. W. Aylor, C. C. Bramble, R. E. Gaines, Isabel Harris, 
G. A. Hedlund, Evelyn M. Kennedy, A. E. Landry, E. J. McShane, P. W. A: 
Raine, O. J. Ramler, C. H. Rawlins, Jr., J. N. Rice, R. E. Root, T. MeN. 
Simpson, Jr., C. H. Wheeler m1, G. T. Whyburn. 

At the invitation of the Section, Dr. G. A. Hedlund of the University of 
Virginia gave an address on “Symbolic dynamics and topological transforma- 
tions.” A motion was passed expressing the appreciation of the Section to the 
authorities of Randolph-Macon College for their generous hospitality. The fol- 
lowing officers for the ensuing year were elected: Chairman, J. H. Taylor, 
George Washington University; Secretary, W. K. Morrill, Johns Hopkins Uni- 
versity; Members of the Executive Committee, G. A. Hedlund, University of 
Virginia, O. J. Ramler, Catholic University. The following invitations were 
accepted for future meetings: Loyola College, Baltimore, Fall meeting, 1942; 
Johns Hopkins University, Baltimore, Spring meeting, 1943; Trinity College, 
Washington, Fall meeting, 1943. 
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After an address of welcome by Dr. J. E. Moreland, President of Randolph- 
Macon College, the following papers were read: 

1. “Quadratic and cubic equations with complex coefficients whose roots 
have unit modulus” by Professor O. J. Ramler, Catholic University of America. 

2. “An application of the calculus of variations to a problem in mechanics” 
by W. A. Blankinship, University of Virginia, introduced by Professor Why- 
burn. 

3. “Linear velocity fields in a baratropic atmosphere” by Professor R. E. 
Root, United States Naval Academy. 

After these papers there was open discussion on the teaching of college 
mathematics. 

4, “Symbolic dynamics and topological transformations” by Professor 
G. A. Hedlund, University of Virginia. 

Abstracts of the papers follow: 

1. Professor Ramler showed that the necessary and sufficient conditions for 
the roots of the quadratic 22+ pz+q=0 to have unit modulus are p/f}=q and 
| p| <z. When p/f=q and | p| >2 the roots are inverse points with respect to 
the unit circle in the Argand diagram. He also showed that the necessary condi- 
tions for the roots of the cubic 2+ 2?+qz+r=0 to lie on the unit circle are 
| p| =|q| and pg/fg=r*. It was also pointed out that when these conditions 
are satisfied the roots of the Hessian of the cubic are either on the unit circle 
or inverse points with respect to it. 

2. Mr. Blankinship discussed the problem: “To determine the shape that 
a rod of uniform cross-section and elasticity will asssume if forced to pass 
freely through the three points, (a, 0), (—a, 0), and (0, 5),” He set it up asa 
Lagrange problem and obtained an explicit solution-in terms of elliptic integrals. 

3. Dr. Root stated the general equations of motion relative to a system of 
axes fixed to the moving earth and discussed some of their general implications. 
Horizontal motion in which the velocity components are linear functions of 
displacement coordinates were considered in relation to the requirements of the 
equations of motion. 

4. Dr. Hedlund stated that the methods and examples of symbolic dynamics 
can be applied to the construction of topological transformations on compact 
metric spaces. He showed that it was relatively simple to obtain an example 
which displays most of the properties of the geodesic flow on a closed surface 
of negative curvature in that there exist transitive orbits, the periodic orbits 
form an everywhere dense set, and there is a continuum of orbits asymptotic 
to any given orbit. With the aid of known examples of non-periodic recurrent 
symbolic trajectories, some of the possibilities in the behavior of non-regular 
minimal sets can be explored. 


C. H. WHEELER II, Secretary 


NOTE ON AUTOPOLAR SURFACES* 
MALCOLM FOSTER, Wesleyan University 


1. Introduction. The purpose of this paper is to discuss those surfaces which 
are autopolar with respect to the paraboloid 25=£+7*. The method for the 
determination of these surfaces is essentially the same as that used by the 
author in a recent paper in which a study was made of curves autopolar with 
respect to the parabola 2n=.{ These autopolar surfaces are considered as 
special solutions of those partial differential equations which are invariant 
under the dual transformation for which the above paraboloid is the quadric 
of reference. It will be obvious that this method may be readily modified for the 
study of surfaces autopolar with respect to any given quadric. 


2. The dual transformation for 25 =£-+-7?. When this paraboloid is taken 


as the quadric of reference, the equations for the dual transformation are} 
x=P, y=Q, s=PX+QY-Z, p=X, @q=Y, 
r= T/RT — S?, s = — S/RT — S’, t = R/RT — etc. 


Under this transformation a differential equation 


(2) S(% Pr 
becomes 

(3) f(P,Q, PX + QY —Z, X, Y,---) =0; 
if a solution of (3) be denoted by 

(4) F(X, Y,Z) = 0, 


the corresponding solution of (2) is found by eliminating X, Y, Z, from (4) and 
the following three equations, § 


OF OF OF OF 
+ —— 0, + 0, 
OZ ox OZ oY 
(5) 
OF OF OF OF 
OZ OZ Ox oY 


If this solution of (2) be denoted by 
(6) o(x, y, 2) = 0, 
the surfaces (4) and (6) are polar reciprocals. 


* Presented to the American Mathematical Society, February 22, 1941. 

+ Malcolm Foster, Note on autopolar curves, Bulletin of the American Mathematical Society, 
vol. 47, No. 4, April, 1941, pp. 247-253. 

¢ A. R. Forsyth, A Treatise on Differential Equations, third edition, pp. 371-375. See also 
H. T. H. Piaggio, An Elementary Treatise on Differential Equations, 1926, p. 189. 

§ Forsyth, op. cit. 
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When (2) is invariant under (1), the general solution, say, 
(7) = $(u, v),* 


must include pairs of polar reciprocal surfaces; that is, for any choice of ¢, 
say =, (u, v), the polar reciprocal surface will be given by some other choice 
of @, say 2=¢2 (u, v). The problem here is to determine those functions ¢ (u, v) 
which will define autopolar surfaces, that is, surfaces which are their own polar 
reciprocals. 


3. Condition that z=f(x, y) be autopolar. The equation of the plane which 
is the polar of any point (x, y, z) on this surface is 


(8) tx + ny — f(x, y) = 0; 


this is a two-parameter family, and the equation of the polar reciprocal surface, 
which is the envelope of the planes (8), will be found by eliminating x and y 
from (8) and the following equations, 


(9) n-q=0. 


The necessary and sufficient condition that z=f(x, y) be autopolar is that this 
elimination shall give us the equation ¢=f(§, 7). Hence from (8) and (9) we 
get 


(10) f(x, y) + f(p, 9) = px + gy. 
We have, therefore, the following theorem: 


THEOREM 1. A necessary and sufficient condition that z=f(x, y) be autopolar 
with respect to the paraboloid 25 =&-+-n? 1s that (10) be satisfied. 


It is of interest to note that (10) is of the Clairaut type. 
Without repeating the argument as given above, we merely quote the 
following theorem: 


THEOREM 2. A necessary and sufficient condition that a surface f(x, y, 2) =0 
be autopolar with respect to the paraboloid 25 =&-+-7? 1s that 


(11) (p,q, px +t qy — 2) = 0. 


4. Conjugate pairs. Let Pi(x1, 1, 2:) and P2(x2, ye, 22) be a pair of points on 
any autopolar surface 2 such that the polar of P; is tangent to Z at P2; then 
the polar of P: is tangent to 2 at P;. We shall call such a pair of points, a con- 
jugate pair, and say that each is the conjugate of the other. Since the equation 
of the polar of Pi, &xi+ny1—-{—z:=0, must be satisfied by the coordinates of 
P2, we have 


(12) X1X2 + = 21 + 22. 


* Here u and v are certain functions of x and y. 


— 
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It is obvious from (1) that for a conjugate pair, 


x1 = po, Xe = pi, v1 = Q2, yo = 
(13) 
21 = pote + — 22, 2, 


where, for example, p2 denotes the value of p at P». 


5. Self-conjugate points P. Let Pi(x;, 1, 2:) and P2(x2, yo, 22) be any con- 
jugate pair on an autopolar surface 2, z=f(x, y); we shall also assume that P,, 
P, lie within a simply connected region of = wherein f(x, y) and its first and 
second partial derivatives are defined. Let C be an arbitrarily selected path on 
2 which joins P;, P2, and let P(x, y, ) denote a general point on C between 
P, and P:. The conjugate of P(x, y, z) we shall denote by P’(x™, y™, 2), 
Since P;, P2 constitute a conjugate pair, it is obvious that as P(x, y, z) moves 
along C from P; to Pe, its conjugate P’ must describe a corresponding path 
C’ from P, to P;.* Hence, as x varies from x; to x2, x™ varies from x2 to x. 
There is, therefore, a self corresponding value x =x between x; and x2. Conse- 
quently, there exists a point P(x, y, z), the conjugate of P’(x, y™, 2), for which 
(10) may be written 


9) + f(z, = yy™, 


wherein Of(x, y)/0x =x and Of(x, y)/dy=y™. If this equation be differentiated 
partially with respect to x, we obtain Of(x, y™)/dx =x, since Of(x, y)/dx =x at 
P. Hence, corresponding to an arbitrary surface curve C through P;, P; the 
points P(x, y, z), P’(x, y™, z™) lie on the curve defined by 2 and Of (x, y)/dx =x. 
Let us call this curve C’’. Hence, as C is varied so that P(x, y, z) tends toward 
P'(x, y®, P varies along C’’, and the point P’(x, y, approaches 
P(x, y, 2) along the same curve. There is, therefore, a self-conjugate point 
P on the surface 2 somewhere along C’’. Consequently we have the following 
theorem 


THEOREM 3. On any autopolar surface there exists at least one self-conjugate 
point. 


If P(x, y, 2) be self-conjugate we see from (12) that 22=x?+-,?, and hence 
P must also be on the quadric of reference. Consequently the polar of P must 
be tangent to 2 and to the paraboloid at the same point P. If there are an 
infinite number of self-conjugate points on 2, the quadric of reference and = 
are tangent all along the curve made up of these points.t We have, therefore, 
the following theorem: 


* It is assumed that the paths C and C’ lie within the simply connected region on =. 

+ Hereafter we shall make no reference to a particular quadric of reference unless the property 
of > is not invariant under a collineation. 

t A specific example of such a surface will be given later. 


-— 
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THEOREM 4. Every autopolar surface is tangent to the quadric of reference at 
at least one point. 


6. Properties of a conjugate pair. 

1. The necessary and sufficient condition that the tangent planes at a con- 
jugate pair be perpendicular is that pife+qig2+1=0; and from (12) and (13) 
this reduces to 


(14) 2+ %= — 1. 


2. For any conjugate pair we have from (1), 


(15) 11 = te/rote — 53, $1 = — S2/rote — ty = r2/rete — 
ro = — si, ete. 

Hence 51/s2= —1/ret2—s3 = — (riti— or 

(16) (riti — st) — 52) = 1; 


that is, at a conjugate pair the values of the function rt—s* are reciprocals. 
3. The equations of the normals to = at a conjugate pair are 
E+ xf — x1 — 22%, = 0, E+ xf — x2 — X22 = 0, 


(17) 
n+ yoo — — Jor = 0, nt — Y2— = 0. 


The necessary and sufficient condition that these normals be coplanar is that 
the determinant of the system in (17) shall vanish. After some reduction this 
condition becomes 


(18) (x1V2 X2V1) (21 22) = Q, 


4. The equation of the tangent plane to the quadric of reference at the 
point where x=%1, y=y1 is evidently 


(19) xix + yy — 3 — 1/2(xt + yi) = 0; 


and the coordinates of the mid-point of the line which joins a conjugate pair 
are, on using (12), 


(= +42 Wty. 
2 


Since these coordinates satisfy (19), we see that the tangent plane to the quadric 
of reference at the point where x=x1, y=y1, (or x=x2, y=ye), passes through 
the mid-point of the segment which joins a conjugate pair. 

5. Let us consider the Gaussian curvatures at a conjugate pair, Pi, (x1, 


yi, 21) and P2(x2, ye, 22). The principal radii of curvature at P; and P, are the 
roots of 


— 
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(rit: — — a y2[(1 + + (1 + ya)ri 
+ (1+ a3 + = 0, 
and 
(rote 1+ e+ y[(1 + + (1+ 2xryise]R 
+ (1+ + yi)? = 0, 


respectively. Hence the Gaussian curvatures at P; and P2 are 


(20) K, = (rity — + + Ke = (rate — 5 )/A + a2 + 


and on using (16), the product of the Gaussian curvatures at a conjugate pair 
is 


(21) = 1/(1 + ai + yi)*(1 + 23 + yd?. 


It is readily seen that this is identical with the product of the Gaussian curva- 
tures of the quadric of reference at those points whose x- and y-coordinates are 
(x1, y1) and (x2, 

6. For any conjugate pair we also have* 


+ = 1, + Seti = 0, 


(22) 
+ Site = 0, + byte 


7. Properties of self-conjugate points. 
1. From (22) it is evident that at all self-conjugate points P, 


(23) r2 + 5? = 1, s(r +t) = 0, 


hence at P, either s=0 or r= —t. If s=0, it follows that r= +1, t= +1. Also, 
from (16), rt—s?= +1 at all self-conjugate points. 
2. We have at once the following theorem from §6, 5: 


THEOREM 5. For any autopolar surface the Gaussian curvature at a self- 
conjugate point 1s the same, except for sign, as the Gaussian curvature at this 
point of the quadric of reference.t 


3. In §8, in which we shall give several examples of autopolar surfaces, it 
will be shown that for many of these surfaces the principal radii of curvature 
at a self-conjugate point are the same, except for sign, as the principal radii of 
curvature of the quadric of reference; and at these points the lines of curvature 
of the two surfaces are sometimes, but not always in tangency. 


* Goursat-Hedrick, Mathematical Analysis, vol. 1, p. 78. 

t Cf. R. Mehmke, Einige Sitze iiber die riumliche Collineation und Affinitat, welche sich auf 
die Kriimmung von Kurven und Flichen beziehen, (Schlémilchs Zeitschrift, 36, 1891, pp. 56-60); 
also, R. Mehmke, Uber zwei die Kriimmung von Curven uad das Gauss’sche Kriimmungsmass von 
Flachen betreffende characteristische Eigenschaften der linearen Punkttransformationen (Ibid., 
36, 1891, pp. 206-213) 


| 
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8. Examples of autopolar surfaces. 

Example 1. Let us consider the partial differential equation pqg+xy+py 
+qx =1, invariant under (1), and a solution of which is 

2 2 
Ci 
We ask: Are there any members of (24) which are autopolar? 

Let us apply the test (10). We find p=c,—x, g=1/c1—y, and these values 
in (10) satisfy this relation identically, provided co= —1/4cj—cj/4. Hence 
within the two-parameter family (24) there exists the following one-parameter 
family of autopolar surfaces: 


x 1 
(25) 


As indicated in Theorem 4, the quadric of reference is the envelope of this 
family. 

It is readily verified that at P(c:/2, 1/2c:, c{+1/8c?), the only self-con- 
jugate point on any member of (25), the principal radii of curvature are the 
same, except forsign, as the principal radii at this point for the quadric of 
reference. 

From the equation of the lines of curvature, 


(1+ p*)dx + + (1 + q°)dy 
rdx + sdy x sdx + tdy 


it is also readily shown that the lines of curvature on the two surfaces are in 
tangency at P. This is also evident from the fact that the quadric of reference 
and any member of (25) are paraboloids of revolution. 

Example 2. px —gy=0. The general solution of this equation is 


(27) z = F(xy); 


and our problem is to determine what functions F(xy) define autopolar sur- 
faces. This is wholly a matter of testing one function after another in (10). 

If we test z=xy+c in (10) we find that this condition of autopolarity is 
satisfied when c=0. Hence z=xxy is autopolar. In a like manner we find that 
z=log (xy)+1 is autopolar. 

Let us consider the hyperbolic paraboloid z=xy. It is tangent to the quadric 
of reference along the curve z=xy, x =y, and every point on this curve is a self- 
conjugate point. Moreover, the principal radii of the quadric and of z=xy are 
for any self-conjugate point, the same except for sign. 

We also find that for any self-conjugate point (26) reduces to dy?—dx?=0 
for each surface; hence the lines of curvature are in tangency at every point of 
contact of the two surfaces. 

The surface z=log (xy)+1 has but two self-conjugate points, (1, 1, 1) and 
(—1, —1, 1). The lines of curvature of the two surfaces are in tangency at each 


(26) 
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of the above points, and the principal radii of the two surfaces are numerically 
equal. 

No doubt there are many other choices of F(xy) which in (27) define auto- 
polar surfaces. 

Example 3. px =1. The general solution of this invariant equation is 


(28) z = log x + F(y). 


If we take F(y) =ciy?+ce, and test (28) in (10), we see that the condition of 
autopolarity is satisfied if c.= +1/2, c.=1/2. Let us therefore consider the 
autopolar surface 


(29) z = log x + y?/2 + 1/2. 


This surface is tangent to the quadric of reference all along the curve in which 
each surface is cut by the plane x=1; and every point on this curve is a self- 
conjugate point. In this case, however, the principal radii of the quadric and 
the autopolar surface are mot numerically equal at all self-conjugate points. 
It is readily shown that the principal radii are numerically equal only for the 
self-conjugate point (1, 0, 1/2). It is evident, however, that, as stated in 
Theorem 5, the Gaussian curvatures of the two surfaces are equal, except for 
sign, at all self-conjugate points. 

In like manner we find upon making use of (26) that the lines of curvature 
on the two surfaces are mot in tangency at every self-conjugate point; they are 
in tangency, however, at (1, 0, 1/2). 

Another choice of F(y) in (28) which defines an autopolar surface is 
F(y) =log y?—log 2+3/2. 


9. Other examples. We shall conclude by listing briefly a few more auto- 
polar surfaces. 

1. r—t=0. From the solution z=¢:(x+y)+¢2(x—y) of this equation we 
may derive several autopolar surfaces, but shall note but one of these, z= 
log (x+y) +log (x—y)+1—log 2. 

2. 3r—8s—3t=0. The general solution z=¢:(y—x/3)+¢2(y+3x) of this 
equation also yields many autopolar surfaces, one of which is z= 
log (y—x/3) +log (y+3x) +1 —log .3. 

3. py—gqx=0. This is the differential equation of surfaces of revolution, and 
from its general solution, 2 =f(x?+y?), we may derive many autopolar surfaces. 
In fact, any plane curve which is autopolar with respect to a meridian of the 
quadric of reference, if revolved about the z-axis will generate an autopolar 
surface. We give but the one example, z=log (x?+*) +1 —log 2. 

It is of course, a simple matter to write down a differential equation which is 
invariant under (1). On one side of an equation we write any function of x, y, 
2, P, g,:- +, and set it equal to the expression into which it is transformed by 
(1) when the notation in capitals is ignored. If a solution of the equation can 


be found, we may then test certain particular solutions for autopolarity by 
using (10) or (11). 


| 
| 
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A THEOREM ON THE TANGRAM 


FU TRAING WANG anp CHUAN-CHIH HSIUNG, National University of Chekiang, 
Kweichow, China 


1. Introduction. The tangram is a Chinese puzzle consisting of a square 
card or board cut by straight incisions into different-sized pieces (five tri- 
angles, a square, and a lozenge) as shown in the following figure. These seven 
pieces may be combined to form many different figures. It is natural to inquire 


A 4 D 
ABCD is a square. 
F AE -ED-DF<FC, 
El-1IF, EGLAC, 
H IH IFC. 
B C 


how many convex polygons may be formed by the tangram. We propose in 
the present note to give a solution of this problem by proving the following 
theorem: 


THEOREM. By means of the tangram exactly thirteen convex polygons can be 
formed. 


2. Lemmas. It is easily seen that the tangram can be divided into sixteen 
equal isosceles right triangles. For the sake of convenience, we call the legs and 
the hypotenuses of these right triangles respectively the rational and the irra- 
tional sides. Then we may prove our theorem by finding out first the convex 
polygons formed by these sixteen triangles and then discarding those cases 
impossible for the tangram. For this purpose we introduce the following four 
lemmas. 


Lemma 1. If sixteen equal isosceles right triangles are combined into a convex 
polygon, then a rational side of one triangle does not lie along an irrational side of 
another. 


Proof: First of all, let us suppose that of the sixteen given triangles two, 
denoted by ABC and A’B’C’, are arranged so that the irrational side A’C’ of 
the triangle A’B’C’ lies along the rational side AB of the triangle ABC. Since 
the given triangles are combined into a convex polygon, we may, without loss 
of generality, further suppose that the vertex A’ coincides with the vertex A. 
In this case, at least another pair of the given triangles, denoted by DEF and 
D'E’ F’, is such that one rational side D’EF’ of the triangle D’E’ F’ lies along the 


596 


A THEOREM ON THE TANGRAM 597 


irrational side DF of the triangle DEF, and D=B, D’=C’, E’=F. If we fill the 
angle CDE or B’D’ F’ with one or more of the given triangles, the case where one 
rational side of one triangle lies along the irrational side of another triangle will 
occur again. Repeatedly applying the above discussion, it may be easily seen 
that the polygon formed by the given triangles can not be convex. This con- 
tradicts the hypothesis, and establishes the lemma. 

From Lemma 1, follows immediately the following lemma: 


LEMMA 2. If sixteen equal isosceles right triangles are combined into a convex 
polygon, then the sides of the polygon are formed by sides of the same kind (rational 
or irrational) of the triangles. Moreover, if a side of the polygon which is formed by 
the rational or the irrational sides of the triangles is said to be a rational or an 
irrational side (respectively) of the polygon, then in general the rational and the 
trrational sides of the polygon alternate. In particular, if an angle of the polygon 
is a right angle, the two adjacent sides are both rational or both irrational. 


_ Lemna 3. If sixteen equal isosceles right triangles are combined into a convex 
polygon, then the number of the sides of the polygon does not exceed eight. 


Proof: Since the sum of all the angles of a convex polygon of m sides is equal 
to (n—2)z, and the maximal value of the angles formed by the given triangles 
is 3/4, we have (n—2)x <32n/4. It follows that <8. 

Since the angles of the convex polygon formed by the given triangles are 
3/4, 7/2, or 7/4, by means of Lemma 2 and Lemma 3 we easily obtain 


LEMMA 4. If sixteen equal isosceles right triangles are combined into a convex 
polygon, then this polygon can be inscribed in a rectangle with all the rational or 
the irrational sides of the polygon as the sides of the rectangle. 


3. Proof of the theorem. For the purpose of proving our theorem, we have 
to find out the convex polygons formed by sixteen equal isosceles right triangles. 
First of all, we may assume, that this convex polygon is an octagon, denoted by 
ABCDEFGH. From Lemma 2 and Lemma 4 we may, further, assume that this 
polygon is inscribed in a rectangle PQRS and that all the rational sides BC, 
DE, FG, HA of the polygon lie along the sides PQ, QR, RS, SP of the rec- 
tangle respectively. If the number of irrational sides of the given triangles on 
AB, CD, EF, GH are respectively a, b, c, d, and PQ, QR have equal lengths, 
respectively, with the lines composed of x and y rational sides of the given tri- 
angles, then a, b, c, d, x, y satisfy the equation 


(1) a? + 6? + c? + d? = 2xy — 16, 


with the conditions 


x, 


a+b x, c+d 
(2) { 


a+dsy, b+e 


IA 
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Hence our problem is reduced merely to finding the integral solutions of the 
equation (t) and the inequalities (2). For this purpose, we denote x =a, y =6 by 
(a, 8B), and divide our discussion into the following cases, which may be easily 
proved to be sufficient. 

a. The case y>x, y>5. 

(i) x>1. Noticing that 


9/x+x<2+x2S5 y+1, whenever x2 5, 
we easily obtain 
(3) for «>1 and y>5. 
By means of (1), (3) and the inequality c?+d? S (c+d)? Sx?, follows immediately 
(4) a? + > (x — 1)? +1. 


It follows that a and b are not both zero. On the other hand a and 0 are not both 
different from zero, for if a21, 621, then from the first inequality of (2), 


(5) a+? (x-—1)?+1, for x>1, 


which contradicts (4). Whence either a or } (and not both) equals zero. Let, for 
instance, b=0; then asx. If, further, a<x, then aS$x—1, which contradicts 
(4). Therefore a=x. 

Similarly, we know that c=0, d=x, or c=x, d=0. Thus we can easily show 
that (2, 6), (4, 6), (8, 9) are solutions. 

(ii) x=1. In this case a+bS1, c+dS1. Therefore a=b=c=d=0, or 
a=c=1, b=d=0, or a=c=0, b=d=1, and hence we obtain the solutions 
(1, 8), (1, 9). 

b. The case x=y. In this case we shall prove that x5. First of all, it is 
easily seen that if a=b=c=d=0, there is no solution. Secondly, if a, b, c, d<x, 
then it is seen that 


(6) a? + b? S (x — 1)? +1, c+ d? (x — 1)? +1. 
From (1) and (6), we obtain 


2x? — 16 S 2(x — 1)? + 2, 


which shows x <5. 

Thirdly, we consider the case where one of a, b, c, d is equal to x. If, for 
instance, a=x, then from (2), and d=0. Whence (1) becomes x? =16+c?, 
which gives x=5 or 4. 

Finally, it is not difficult to show that when a=b=0 or c=d=0, then x <4; 
and when a=b=c=0, then x =d =4. 


| 
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c. The case 52y>x. In this case we may test for every set of integral values 
of x, y, a, b, c, d directly from the equation (1) and the inequalities (2) and easily 
obtain the required solutions. 

In conclusion, we summarize the complete solution of our problem related 
to sixteen equal isosceles right triangles as follows: 


x y a b c d 
™- 8 0 0 0 0 
*1 9 1 0 1 0 
" 9 1 0 0 1 
*8 9 8 0 8 0 
*4 6 + 0 os 0 
2 6 2 0 2 0 
2 6 2 0 0 2 
"7 5 4 1 4 1 
"s 5 5 0 3 0 
3 5 3 0 1 2 
3 5 3 0 2 1 
2 5 1 1 1 1 
2 5 2 0 0 0 
4 4 2 2 2 2 
4 4 4 0 0 0 
3 4 2 0 2 0 
3 + 2 0 0 2 
2 + 0 0 0 0 
3 3 1 0 1 0 
3 3 1 0 0 1 


It is easy to show that the solutions indicated by asterisks in the above table 
are useless if the given sixteen equal isosceles right triangles are supposed to 
form a tangram. Thus we have completely proved our theorem. 


4. Remark. It should be noted that the thirteen convex polygons (four 
hexagons, two pentagons, six quadrangles, and a triangle) obtained in the pre- 
vious section are familiar to us. We can arrange the tangram into any of them 
by one or more methods, but space does not permit their inclusion here. 

Moreover, in these thirteen convex polygons the perimeters of the first, the 
second, and the eighth, according to the order in the above table, are maximum 
and that of the last two are minimum. 


| 
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BOUNDED LAPLACE TRANSFORMS* 


N. N. ROYALL JR, Winthrop College 


1. Introduction. Since the development of the classical theory of power 
series during the nineteenth century much attention has been devoted to the 
theory of such series but with the emphasis in quite a different direction. In 
recent decades investigators have been interested not so much in existence 
theorems and convergence properties as in the structure of power series under 
certain general and simple hypotheses. General treatments of the principal 
results are availablef and Szegé has given a summary of these investigations and 
references to the literature where they may be found in detail.t 

A typical example is the following theorem of Fejer: let 


(1.1) f(z) = ao + ais + + +--+, <1 
and 
(1.2) 
n 
be the arithmetic mean of the partial sums s,(z) =ao+aiz+ -- + +a,2", then a 


necessary and sufficient condition that | f(z)| < M for | z| <1 is that |on(z)| <M 
for all m and | z| <1. 

Now it is of some interest and importance to investigate whether results 
such as the above are true for other representations of analytic functions be- 


sides the power series (1.1). One such other representation is the Laplace trans- 
formation 


(1.3) f(s) = 


where s=o+77 and a(t) is a function of the real variable t. That the integral in 
(1.3) may be expected to have properties analogous to those of the series in 
(1.1) may be seen from purely formal considerations as follows. To generalize 
the series the sequence of integers may be first replaced by any discrete sequence 
of real numbers Xo, Ai, Ae, - Where A, —> © as n— To avoid multiple valued 
functions when ), is not an integer one can replace z by s by means of the 
conformal transformation 


(1.4) 


* Presented to the Southeastern Section of the Mathematical Association of America at 
Chapel Hill, N. C., March 28, 1941. 

} E. Landau, Darstellung und Begriindung Einiger Neuerer Ergebnisse u.s.w. 2nd edit., 1929. 
P. Dienes, The Taylor Series. Oxford Univ. Press, 1931. 


t G. Szegé. Some recent investigations concerning the sections of power series, Bulletin of 
Amer. Math. Soc.. vol. 42. 1936 
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Finally, replacing \’s by the continuous variable t, the coefficient {a,} by the 
function a(¢) and the summation by integration, one obtains the integral in 
(1.3). However, since the transformation (1.4) is not reciprocal one-to-one it is 
not to be expected that all properties of the series and of the integral will be 
the same. 

The region of convergence of the integral in (1.3) is a half plane ¢ >a» and 
f(s) is an analytic function of s there. Analyticity in a half plane is not, however, 
a sufficient contition for f(s) to have the representation (1.3). The fundamental 
properties of the transformation (1.3) have been studied by Widder, Doetsch, 
and others.* 


2. Bounded transforms. We now obtain the complete analogue for the La- 
place integral of the Fejer boundedness theorem above. To this end we first 


define Fr(s) thus 
1 R Ri 
FR(s) = aR f e~*'a(t)dt, 
R 0 0 
which is equalf to 


(2.1) Fr(s) = -) e~*'a(t)dt. 


With this notation we have the 


THEOREM. Let f(s) converge absolutely for ¢ >0, then a necessary and sufficient 
condition that | f(s)| <M for o>0 is that | Fr(s)| <M for o>0 and all R2O. 


Proof. The proof is based upon the identity 


R 2 R 
(2.2) f e~*'a(t)dt = =f ax cos xt a cos 
0 w/o 0 0 


We first prove this identity. This identity is then used to prove the condition 
necessary. The proof of sufficiency is immediate, requiring only the comment 
that the method of summation defined by (2.1) as R-> = is regular. 

To prove the identity (2.2) observe first that the right member is 


2 sin Rx 
ax f cos 
us 0 0 


x 


N sin Rx 
f ax cos 
0 0 


x 
N sin Rx cos 
0 0 


x 


But 


(2.3) 


* D.V. Widder, A generalization of Dirichlet’s series and Laplace's integrals, etc., Transactions 
of Amer. Math. Soc., vol. 31, 1929. 
t See, for example, Goursat-Hedrick, Mathematical Analysis, vol. 1, p. 295, ex. 11. 
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the interchange of the order of integration being justified by the uniform con- 
vergence of the inner integral with respect to x on the interval OSx<WN. But 
the inner integral (on the right) is bounded for all ¢;2>0 and N20 as one sees 
from 


N sin R t sin(R+?# 1 N sin (R — 
f sin Rx cos 1% sin (R + +— f ( 1) 
0 


x 
x 


which gives 


N sin Rx cos 4x N(R+t) sin “7, NIR—4l sin 
————— dx = — dy+— dy 
0 x 


by a change of variable in each integral, the sign of R—?, being taken for the 
second integral in the right member. But 


K sin 
0 


is a bounded function of K, hence by the theorem of bounded convergence* one 
may allow N—~ in (2.3). Thus one obtains 


2 © sin Rx » 2 = © sin Rx cos tx 
x 0 0 


x 


Dividing the range of integration in the right member above gives 


2 R © sin Rx cos tx 
f 
us 0 0 


x 


2 sin Rx cos 4x 
us R 0 


x 


(2.4) 


But the inner integral here is a well known discontinuous integral, namely, 


T 
sin Rx cos t,x SR; 
<2 
0 x ) 
0, 


Hence the second term of (2.4) vanishes, the first term reduces to the left 
member of (2.2), and the identity is established. 

Returning now to (2.2) to prove necessity we have on integrating both 
members of the equation 


* See, for example, Titchmarsh, The Theory of Functions, p. 337. 
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1 Ri R 
ar e~*ta(t)dt 
Rid o 0 
=— ~{ ar ax f cos xt at cos 
Rido 0 0 0 
or 


2 Ri t 
Fr,(s) = ax (1 ~) cos xt e~*ta(t1) cos 
0 Ri 0 


But by elementary methods 


Ri t 1 — cos Rix 
f (1 cos at ar = 
0 Ri Rx? 
Thus 


(2.5) Fp,(s) = ax cos xtydty. 
0 0 


But the outer integral in the right member of (2.5) is non-negative, hence 
1— cos Rix 


2 
2.6 Fr, (s s—f 
( ) | R,( )| ewe Rix? Xv 


f cos 
6 


But we have 


f cos = f e~* dt 
0 0 2 


1 


2 


0 


1 
2 \Jo 


= M. 
Hence (2.6) gives when combined with the above 
1—cos Rix 
R, 0 x? 


However, by familiar methods of contour integration* we have 


1 — cos R\x q 
0 x? a 


* Whittaker and Watson, Modern Analysis, 4th ed., p. 116, ex. 2. 
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and hence 
| Fr,(s)| 


and the necessity of the condition has also been demonstrated. 

A theorem similar to the one above was obtained by Stacho for the Stieltjes 
integral* by different methods. Stacho does not use the identity (2.2) but a 
method based on contour integration analogous to Landau’s proof for series. 
The identity (2.2) is an example of Parseval’s relation for Fourier-cosine trans- 
forms. 


EVALUATION OF SURFACE INTEGRALS BY ELECTRICAL IMAGES 
W. G. POLLARD, University of Tennessee 


Given a rigid system, T, consisting of electrical charges qi, g2,°- + Qn 
located at points Ri, Re, - - - , R, which are such that the distances | R,—R,| =R;; 
are constant for all 7 and 7. When this system is placed in the neighborhood of 
the surface, S, of a grounded conductor, the surface acquires a charge of density 
a(r) which is everywhere such that the electric field within the conductor van- 
ishes and its surface remains at ground potential. Here r is a vector to any 
point in the surface. 

The potential energy, U, of the entire system thus formed consists of three 
parts. The first is the self energy of the system T 


n 
(1) Urr = = Uo 
2 
where the prime indicates that all terms having 7=j are omitted from the sum- 
mation. Since all the R;; remain constant, this contribution does not vary with 
the separation between T and the conductor. Next, we have the self energy of 
the induced surface charge 


(2) Use = — as, 


| — 


where each integration extends over the entire surface of the conductor. Finally 
there is the mutual energy of the system JT and the surface charge 
qio(r) 


* T. Stacho, Uber die Riemann-Stieltjesschen Integrale u.s.w. Ber. aus Ungarn, vol. 33, 1923- 


25. 
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Combining all these terms one has 
(4) U= Ure + Use + Uo. 


The present note concerns a method for obtaining indirectly an evaluation 
of surface integrals of the form (2) and (3). This method can be applied when- 
ever it is possible to replace the surface distribution, ¢, by a suitably con- 
structed electrical image, 7’, of T without altering the electric field exterior to 
the surface. When this is the case, the interaction U7, between T and the sur- 
face charge is the same as the interaction Urr’ between T and its image, and 
this can be written down directly. Moreover, the surface charge density is given 
in terms of the surface electric field (which is always normal to the surface) by 


(5) a(t) = E(r)/4a 


In this case E(r) can be computed from the combined fields of T and T” at the 
surface. Thus (3) may be written 
qiErr 


(6) 


i=1 i| 


dS = 4nUrr:. 


In order similarly to express Eq. 2, we consider the force of attraction 
Fr, between the system and the conductor. In the special case we are consider- 
ing this force is the same as the force Frr, between the system and its image. The 
total potential energy U may be written in terms of this force as 


(7) U= f + U; 
Cc 


where VU, is constant and C is an arbitrary path extending to an infinite separa- 
tion between T and S. As this separation increases without limit, Ur,, Use, 
and the integral in (7) approach zero. Hence, comparing Eqs. 4 and 7, we see 
that 


U,= 


Uo, 
(8) 
Ur. + Frr:- da. 
Cc 


Substituting (5) and (8) in Eq. 2 and replacing Ur, by Urr:, we obtain 
Err: Err’ (tr 
(9) ff | Ure + Fre 
r c 


12 


In the following sections, the procedure outlined here is applied to the well 
known cases of electrical images in plane and spherical conductors. As a result, 
integrals of the form of (6) and (9) taken over plane and spherical surfaces are 
evaluated without the necessity of performing any quadratures. 
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1. Integrals over a plane. Let the surface of the conductor form a plane of 
infinite extent and choose the origin of coordinates in this plane with the Z-axis 
normal to it. Each of the charges q; with coordinates (X;, Y;:, Z;) composing the 
system T has an image —q; with coordinates (Xi, Yi, —Z;) and these compose 
the image 7’. The potential energy of the interaction between T and 7” is then 


2 


The force Frr’ is normal to the surface and is easily found to be 


11 Frr = — 
(11) TT + ;]*” 


where k is a unit vector along the Z-axis. Substituting (11) in (7) and compar- 
ing the result with (10), we find 


(12) [Freda = 3Urr. 
Cc 
The electric field at the surface of the conductor produced by T and T” is 
n 2 
(13) Err-(r) = — 


|r — R;|? 


where r is now the vector (x, y). 

The expressions given by Eqs. 10, 12, and 13 may now be substituted in 
the general equations 6 and 9. Since all potential energy terms in this problem 
are quadratic in gig;, the results may be represented by the quadratic form 


(14) + = 0. 

i=l i,j=1 
This equation must be satisfied for all values of g; and q; since the charges 
composing the system 7 are arbitrary both in number and in their individual 
magnitudes. Thus, we are led to the set of equations 


(15) Ay =O, (i,j = 1,2,---,m). 


Inspection shows that the integrals in the A,; are merely special cases of those 
in the Ai; with 1+j, while the latter are of the same form for all ¢ and 7. We, 
therefore, confine the discussion to the two equations originating from (6) and 
(9) and represented by A1,.+A2=0. These are 


f ZidS +f Z2dS 4a 
|r + 42:22)!” 
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from Eq. 6, and 


2f f dS» 82? 
| R, |? | |*r12 + 4Z 


from Eq. 9. Here fdS stands for [°.f°.dxdy and ri2= [(*1—x2)?+(yi— ya)? 
If we now put Xi=a,, Yi=a,, Z:=A and X2=8:, Y2=8,, Z2=B, the above 
integrals may be written in the form 


AdS 
(16) [A? +(r— a)? ]3/2[ B? +(r— g)2]2/2 
+f Bas dn 
[A2 + (r— a)? ]1/2[B? +(r— g)2]3/2 —6)?+(A+ B)?]1/2 
an 


(17) f f dS 
[A? + — @)?]*/?[B? + — — 8)? + (A + 


The first of these is probably too specialized to be of any particular use in 
problems involving integrals of this type. However, one special case has been 
found which may be of some interest. This is obtained by taking A =B and 
= —a@, so that (16) reduces to 


(A? + a? + r*)dS 
(18) J [42 + (r — @)?]9/2[42 + + + 


This may be further simplified by means of the substitutions ¢ = A?+a?, n =a’, 
and z=?? with the result 


re (2 + t)dzd0 
0 [(2 +5)? — costa]? — 0) 


A number of additional integrals can be obtained by performing various 
operations on Eq. 17 with respect to the parameters A, B, a@, and $8. Some of the 
most interesting of these seem to be the following: 


[42 + + AB(A +B) 


f f 
[42 + 73] + A+ 


(20) 
dS dS» 8x?[(A + B)? + AB] 
[4? + + +B) 
(a r)(6 - 6 
[4? + + 94B(A + 


| 
| 
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The first of these is obtained by putting a=§ in Eq. 17 and then removing 
a from the denominator by means of the translation r=r’+a@. The third is ob- 
- tained from the first by means of the operation 0?/0A0B. The second and fourth 
are obtained in a somewhat more involved manner by applying the operator 
(a- grad.) ($-gradg) to Eq. 17 and then substituting and in the result. 
The vector y is then removed from the denominator of the integrand by means 
of the translation r=r’+y¥. The resulting expression can then be generalized 
by substituting a’+’ for y where @’ and 8’ are arbitrary vectors in the x, y 
plane. Of the four resulting integrals it can be shown that the one involving 
-r{) differs from the one involving ) (@’-r7) only by an integral 
which includes 


sin 
— rire cos 


Since this is zero, the two terms are equivalent. Combining them and dropping 
the primes, the fourth of Eqs. 20 is obtained. The second of these equations is 
obtained from it by multiplying both sides by ABdAdB and integrating with 
respect to A and B. 


2. Integrals over a sphere. On applying considerations similar to those for 
images in a plane to the case of the electrical image of an arbitrary system T 
in a sphere, Eqs. 14 and 15 are again obtained so that no loss in generality is 
entailed by choosing for the system T only two charges qi and ge. Choose the 
origin of coordinates at the center of the conducting sphere and let the charges 
gi and q2 be located at the termini of two vectors Ri and Re drawn from this 
origin. The image system 7” consists of two image charges gi and gq placed at 
points ge; and pg respectively where 


qi — (r/Ri)qi, qz = — 
= (r/R1)*Ri, o2 = (r/R2)*Re. 
Here r denotes the radius of the sphere and r is a vector to some point on the 


sphere. 
The interaction energy between T and T” is given by 


(21) 


Il 
II 


2 2 
2 
G, Go IG.G, 


2 


(23) . 


The force between T and T” is found to be 


2 
\ 


+ r2R2, ]3/2 


+} r?R2, |8/2 


= 
= 
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When (24) is used to evaluate /cFr7 -dX, it is found that the integral is inde- 
pendent of the path C and that, comparing the result with (22), Eq. 12 is satis- 
fied. Finally, we obtain for the electric field at the surface of the sphere pro- 
duced by T and T’ 

qiGi 


We are now again in a position to write down the integrals arising from Eqs. 
6 and 9 for this case and represented by A1.+A2=0. We obtain from Eq. 6 


(26) f GedS +f GidS Sar 
rlr—R.|-|r—Ril? [GiG. + 


and from Eq. 9 


(27) ff GiG2dS dS» 16x°r 
/ = 
r? |r, = R, |?: |*ri2 + 


To express these results in a more convenient form, we take Ri= (0, A sin a, 
A cos a) and R:=(0, B sin 8, B cos: 8). Also let 


COS = cos 8; cos + sin 6; sin cos — 2) 
(28) cos 


cos @g2 = cos B cos 62 + sin B sin 02 Cos dz. 


cos a cos 6; + sin a@ sin 6; cos ¢; 


In terms of these quantities, Eq. 27 may be written 


9) o Yo Yo [A? — 2Ar cos + r?]*/2[B? — 2Br cos Og. + sin 4012 


32x? 
(A? — — 72) [A2B? — 2A Br* cos (a — + 


(2 


Eq. 26, like its analogue (16) in the case of the plane, is apparently too spe- 
cialized to be of any great interest. The special case of it which is analogous to 
Eq. 19 is obtained by taking A = B and B= —a. The form of the integral may 
then be simplified by writing A/./A?+?r=sin}y. The result is found to be 


(30) (sec y—cos cos 8) sin cot y 
[(sec y—cos cos 6)?—sin? a sin? @ cos? [tan® y+sin? a]!/2 


= 


DISCUSSIONS AND NOTES 


EDITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 
The department of Discussions and Notes in the MONTHLY 1s open to all forms of ac- 
tivity in collegiate mathematics, except for specific problems, especially new problems, which 
are reserved for the department of Problems and Solutions. 


NOTE ON INTEGRATING FACTORS 


H. B. Curtis, Lake Forest College 


The differential equation of the first order which has an integrating factor 
of the form xy" where m and » are constants can be solved more simply than by 
some of the special methods given in the elementary textbooks. 

If x™y" is an integrating factor of 


(1) Sila, y)da + y)dy = 0, 
where f; and fe are functions of x and y, then 


Ox 


af 
y 


Equating coefficients of like terms, m and n can be readily found. 
Contrast the simplicity of this method with the tedium of the method of re- 
arranging the terms of the given equation to take the form 


(3) x*y8(mydx + nxdy) + x y8\(myydx + mxdy) = 0, 


as given in Murray’s Differential Equations, page 25. Here, after pointing out 
that for all values of k and ky 


are integrating factors of (3), it is stated that these two factors are identical if 
am, 

and 
kn —1— B= kyn, — 1 — 


which can be solved for & and hy. 

Two examples will suffice to show the relative effectiveness of the two meth- 
ods. Let the student solve each example by both methods. Only the proposed 
method will be used here. 

Ex. 1. Solve 


(xy? + y)dx — x log xdy = O. 
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Multiplying by x™y", 
tl)dx x™tl.log x: y"dy = 0. 


Differentiating according to (2) above, we have 
1 

(n + 2)amtlyntl + (n 1)x™y” yn (m + 1)x™- log xy". 
x 


Equating coefficients of like terms, 


n+2=0, 
n+1=-—1, 
m+1=0. 


Solving we have m= —1, n= —2. Therefore the integrating factor is 1/xy*. Ap- 
plying this and integrating we have the solution 


1 
x-+—logx=c. 
y 


Ex. 2. Solve* 
(y3 — 2x? y)dx + (2xy? — x®)dy = 0. 
Multiplying by 
By (2), 
(n + — 2(n + = 2(m + — (m + 
Equating like terms, 
n+3=2m-+ 2, 


—2n-—2= —m — 3. 


Solving, m=1, n=1. Therefore the integrating factor is xy. Using this we get 


— xty?/2=c, or x*y*(y? — x?) =. 


NOTE ON SEMI-LOGARITHMIC GRAPHS 


W. T. LENSER, Brown University 
While it is shown in elementary textbooks that data giving a straight line 
when plotted on semi-logarithmic paper satisfy an equation of the type y =ae"™, 


where y is plotted on the logarithmic and x on the uniform scale, no method is 
usually given for the determination of the constant b directly from the graph. 


* Compare with the solution given in Murray's Differential Equations: Ex. 1, page 26. 


| 
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The student learns to read off a value for a at the intersection of the graph with 
the line x =0 but is led to believe it is necessary to calculate 6 by logarithms. 
Further, if the graph does not intersect the line x =0 in the data involved, he 
must resort to logarithms to determine both a and 8. In the method I shall de- 
scribe, it is possible to compute b from the graph independently of a, and if 
necessary, to compute a from b. Briefly, the method consists of determining the 
increment of x required to produce one cycle of y, and has the distinct advantage 
of being independent of the choice of units made for the axes. 
Consider again the equation 


(1) y = ae’, 

and the equation obtained from it 

(2) log y = log a + bx loge, 
which may be represented as 

(3) u=mx+c, 


where vu =log y, m=b log e, and c=log a. 
To determine 0, simply take one cycle of y from any starting point and read 
the corresponding values of x (see fig. 1) so that 


log ye — log 41 log y2/y1 log 10 3 


Ax 


(4) 


(%2 — )log e Ax log e Ax log e 


In case the graph does not extend over one cycle, determine x for y=e and 
y=1; 


log e 1 
(5) = =— 
Axloge Ax 
which is even simpler (see fig. 2). 
1000 1000 
100 100 
10 10 
ad 27 
Fic. 1 Fic, 2 
2.30 1 


If an equation of the type y=a 10* is desired, taking y=10 as before gives 


log 10 1 


10 x 


_ 
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The sign of 6 is of course positive if the graph has a positive slope in the 
ordinary sense and is negative for a negative slope. 

If a can not be determined at x=0 it can usually be obtained by finding y 
for some convenient values of x such that bx=some integer m, whereupon 
a=y/e". 

The advantages of this method for problems where at most two significant 
figures are expected may be summarized as follows: (1) no table of logarithms 
need be consulted, but a slide rule is convenient; (2) 6 can always be determined 
from the graph regardless of a; (3) the method is independent of the scales used 
for x and y. 


PROBLEMS AND SOLUTIONS 


EpITED BY Otto DUNKEL, ORRIN FRINK, JR. AND H. S. M. CoxeETER 


ELEMENTARY PROBLEMS 


Send communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 24 Sitrathearn Boulevard, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and 
demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 541. Proposed by Joseph Rosenbaum, Bloomfield, Conn. 


Given a regular polygon of m sides, n>4, design a quadrilateral, Q, such 
that (1) it shall be possible to fit 2” of the Q’s to the polygon to form a new regu- 
lar polygon of m sides, and (2) it shall be possible to fit 2” additional Q’s to the 
new polygon to form a still larger third regular polygon of sides. 


E 542. Proposed by V. Thébault, San Sebastian, Spain 

In what scale of notation (with radix less than a hundred) will the four-digit 
number 58 58 58 58 be a perfect square? 

E 543. Proposed by N. A. Court, University of Oklahoma 


Find a point whose polar planes for three given spheres (with non-collinear 
centers) are mutually perpendicular. Show that the problem may have two solu- 
tions. When will they be real? 


E 544. Proposed by E. P. Starke, Rutgers University 


Show that it is possible to construct a tetrahedron such that the length of 
every edge, the area of every face, and the volume all are integers. 


= 
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E 545. Proposed by A. H. Stone, Institute for Advanced Study 


Starting with a point P on the side BC of a triangle ABC, mark Q on AB 
with BQ=BP, R on CA with AR=AQ, P’ on BC with CP’=CR, Q’ on AB 
with BQ’=BP’, and so on. Prove that the construction closes, i.e., that CP 
= CR’, and that the six points P, Q, R, P’, Q’, R’ are concyclic. (Some obvious 
restrictions must be placed on the directions on the sides of the triangle in which 
the intervals BQ, efc., are taken.) 


SOLUTIONS 
Generating Functions in Statistics 


E 504 [1942, 61]. Proposed by J. F. Kenney, University of Wisconsin at 
Milwaukee 


If p and g are positive numbers with p+q=1, show that 


lim + = et lz, 


ne 


Solution by Churchill Eisenhart, University of Wisconsin 

We shall show that the above limit is uniform in every finite ¢-interval. To 
do this we employ the following lemma (which is easily deduced from the usual 
form of Maclaurin’s series) : 


Lema. If f(x) possesses a second derivative which is continuous at x=0, 
then 


f(x) = {O) + f’O)x + (0)x* + o(x*), 


where o(x?) tends to zero faster than x? as x0. 
We define 


M,(t) = (pest/¥™Pa 4 ge-Ptl¥npa)n, 
K,(t) = log M,(t) = log 4 


Expanding the exponentials with the aid of the lemma (together with the fact 
that p+q=1), we see that, as n> ~, 


uniformly in every finite ¢-interval, 0(1/m) denoting a function which tends to 
zero faster than 1/n as n—>. Applying the lemma to the expansion of the 
logarithm, we have (uniformly in every finite ¢-interval as n— ©) 


1 
K,(t) = + = + o(1), 


where 0(1) denotes a function which tends to zero as n> ©, 


=| 
= 
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Therefore, in every finite ¢-interval, K,(¢) tends uniformly to ¢?/2, and M,(¢) 
to /2, 
Discussion. lf x is a random variable, such that the probability x=X is 


given by 
x q" 


for X=0, 1,2, +--+ ,m, then M,(t) is the moment-generating function of the dis- 
tribution of the variable 


y = (x — np)/V npg. 


In other words, the rth moment of y (1.e., the average value of y") is given by 


Moreover, K,(¢) is the semi-invariant-generating function of the distribution of 
y, as its rth derivative, evaluated at the point ¢=0, gives the rth semi-invariant 
of y. Since e”/? is known to be the moment-generating function of the normal 
distribution of zero mean and unit standard deviation, the implication of the 
above limit is that for large values of m the variable x is approximately normally 
distributed about a mean of mp with standard deviation npg. This latter result 
is often known as Laplace’s Theorem, being given by him in his Théorie analy- 
tique des probabilités, 1812. But it has recently been found that De Moivre ob- 
tained the same result in his Miscellanea Analytica, Supplementum, 1733, bring- 
ing it before the probability-minded public in the second edition of his Doctrine 
of Chances, 1738. 

Also solved by G. A. Baker, Paul Brock, Albert Furman, J. A. Greenwood, 
H. D. Larsen, E. P. Starke, and the proposer. 

For the properties of generating functions (also called characteristic func- 
tions), see Curtiss, Generating functions in the theory of statistics, this MONTHLY, 
vol. 48, pp. 383-385. 


Ternary Repeaters 

E 505 [1942, 61]. Proposed by H. T. R. Aude, Colgate University 

How many different proper fractions when written in the ternary scale will 
be repeaters with not more than three digits in their repetends? 

Solution by E. P. Starke, Rutgers University 

Assume the desired fractions to be “pure” repeaters, the first occurrence of 
the repetend being immediately at the point, for otherwise there would be an 
unlimited number of such fractions. The problem is easy to solve by commencing 
at either end. 

(A) Since the available digits are 0, 1, 2. repeaters with three-digit repe- 
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tends can be written down in 3* ways, from which we must exclude the 3 cases 
in which the digits are alike. Similarly there are 3?—3 repeaters with two-digit 
repetends; but with a single digit in the repetend there is only .i. Thus there 
are 24+6+1=31 such fractions altogether. 

(B) If kis the smallest integer such that 3*—1 is divisible by u, then 1/nisa 
repeater with & digits in the repetend. For k=1, 2, 3, we have n=2, 8, 26, re- 
spectively. Thus we have 1/2, 1/8, 1/26, and such integral multiples as are 
proper fractions. Finally there are 1+7+25 such fractions, less 2, because 4/8 
and 13/26 are duplicates of 1/2. There are then 31 fractions, as in (A). 

Also solved by the proposer. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, 
Washington University, St. Louis, Mo. All manuscripts should be typewritten, with double 
spacing and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated, if, on sending in problems, 
proposers would also enclose any solutions or information that will assist the editors in 
checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the Asso- 
ciation in the solution of such problems. 


PROBLEMS FOR SOLUTION 
4056. Proposed by J. R. Musselman, Western Reserve University 
Let the line of images of any point 7 on the circumcircle of triangle A1A2A3 


cut the sides A ;A; in the points A ;’. The perpendiculars to the sides A ;A; at 
A form the triangle B,B.B;; show that the straight lines A ;B; meet in T. 


4057. Proposed by J. R. Musselman, Western Reserve University 


Let B;, B2, Bs be the points symmetric to the vertices of triangle A;A2A3 in 
its circumcenter O, and let Ci, C2, Cs be the reflections of A; in the perpendicular 
bisector of the sides of A,A2A3. It is known that the circles OB:iC,, OB2C2, 
OB;C; meet at a point P. Show that P lies on the Euler line of A1A2A3 and that 
O is the midpoint of PD, where D is the inverse in the circumcircle of the ortho- 
center H of A1A2A3. 


4058. Proposed by R. P. Agnew, Cornell University 


Give an example of a sequence f,(x) of real continuous functions, defined over 
— «© <x< © and vanishing outside the interval —1<x <1, such that the dom- 
inating function F(x) defined by 


(1) F(x) = Lub. | fa(x)| 


n=1,2,3,°°° 


and the inferior and superior limit functions 
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(2) lim inf f,(x), lim sup f,(«) 


are all continuous and such that the members of the inequality (in which inte- 
gration is over — » <x< 


lA 


< lim inf f,(x)dx lim inf fr(x)dx 


(3) 
<limsup f,(x)dx S lim sup f,(x)dx S 

assume in order the values in the arithmetic progression —5, —3, —1, 1, 3, S. 

Remark: An elegant theorem on “integration of sequences” states that if 
fn(x) is a sequence of functions measurable over E,, (Euclidean space of m 
dimensions) and the dominating function (1) is integrable (Lebesgue), then the 
functions (2) are integrable and (3) holds. See Carathéodory, Vorlesungen iiber 
Reele Funktionen, Leipzig, 1927, p. 444. An example meeting the conditions of 
the problem shows that, even when all functions involved are continuous, the 
differences between successive members of (3) may all be equal to the constant 2. 


4059. Proposed by V. Thébault, San Sebastién, Spain 


Let D, E, F be the points of contact of the inscribed circle (J) with the sides 
BC, CA, AB of triangle ABC, and A’, B’, C’ the feet of its altitudes. Show that 
the distances of the points of intersection of the pairs of straight lines such as 
B'C’, EF from the radical axis of (J) and the nine point circle of triangle ABC 
are inversely proportional to the distances of the Feuerbach point from the feet 
of the altitudes. 


4060. Proposed by V. Thébault, San Sebastién, Spain 


If a point P is the orthopole of the three sides of a triangle A:B,C,; with re- 
spect to another triangle A2B:2C, inscribed in the same circle as the first, the 
product of its distances from the sides of the first triangle is equal to the similar 
product for the second. 


SOLUTIONS 
Circumcenters of Associated Tetrahedrons 

4001 [1941, 409]. Proposed by V. Thébault, San Sebastian, Spain 

The spheres ), ), (Os ), (Of ), symmetric to the circumsphere (OQ) of the 
tetrahedron A,A2A3A, with respect to its faces, intersect in sets of three in the 
points AY, Ay, A#, Ad distinct from the vertices; and the spheres described 
on the circumcircles (O;), (Oz), (Os), (Os) of the triangles of the faces as great 
circles intersect in sets of three in Ai’, Az’, Aj’, Ad’. Show that: (1) the tetra- 
hedrons Aj A? Aj Ad and A{’ A?’ Aj’ AZ’ are homothetic; (2) the centers of the 
circumspheres of the tetrahedrons A 1A 2A3A4, 01020304, Of O Of, AZ AS Ad, 


1'Ad' Ag’ Ad’ are collinear. 


+. 
| 
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Editorial Note. The proposer gave indications of a solution as follows: The 
radical center Q of the four spheres (O/), (O3), coincides with the 
radical center of the second set of spheres on (O:), (Oz), (Os), (Os); and Q is the 
isogonal conjugate of the circumcenter O of T=A,A2A3A, with respect to 7. 
Also the points A/ and A}’ are the inverses of A; in two inversions with the 
same pole Q. From this it follows that the two tetrahedrons T’=Aj{ A? Aj Ad 
T’'=A{'Az'Aj' Aj’ are homothetic, the center being (2). The circumcenters 
of T, T’, Of O/ Of Of are collinear, etc. see V. Thébault, Mathesis, 1922, p. 363. 

The proofs of these statements follow easily from theorems in Court’s Mod- 
ern Pure Solid Geometry, p. 246, 756, and p. 244, 752. Thus the three spheres, 
(Oz), (Of), (Of) are orthogonal to a sphere (Q, 7:1) with center Q and radius n, 
intersect in A; and Aj which are inverses with respect to this sphere, and hence 
QA,-QA{ =f. Similarly, QA,-QA/' and then and the 
proof of (1) follows. 

Since the circumspheres (7’), (J) are inverses in the first inversion, and 
(T’’), (T) are inverses in the second, the three centers are collinear with Q. 
We show next that the circumcenters of the tetrahedrons 01020304, O/ Of Of Of 
lie also on OQ and this will conclude the proof of (2). Let N be the midpoint of 
OQ, and O} the center of (O/). Then OO! =200;,, and N is the center of the com- 
mon pedal sphere of the isogonal conjugates O and Q, with respect to T, with the 
radius NO;; and Q is the center of the sphere (O/ O Of O/) with the radius 
=2N0;i. 

A Number Theory Function 

4002 [1941, 483]. Proposed by F. A. Lewis, University of Alabama 

Give an interpretation to the function that results from the Euler ¢-function 
when the minus signs are changed to plus, namely f(m) =n(1+1/p1)(1+1/p2) 

++ (1+1/p,). 

i. Solution by E. P. Starke, Rutgers University 

Let pi, po, +++, pe be the distinct prime divisors of m and set m=n/pipe 

- + + d,, where a; is the exponent of p; in m. Then f(m) is the sum of all numbers 
which are simultaneously multiples of m and divisors of m. In other words: Let 
S be any divisor of ” which is not divisible by a square, and let T be its com- 
plementary factor (S: T=); then f(m) is the sum of all numbers 7. Of course, if 
@;=d2= +++ =a,=1, f(m) is the sum of all divisors of . These statements 
follow immediately from two evident facts: 


(1) = pi + 


(2) f(xy) = f(x) fO), 


where x, y are relatively prime. 
II. Solution by the Proposer 


The required function is formed when ¢2(m) is divided by $(m). Since ¢2(n) 


? 
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represents the number of elements of period ” in an Abelian group of order n? 
and type (1, 1), the function formed represents the number of cyclic subgroups 
of order ” in an Abelian group of order n? and type (1, 1). 


Note by D. M. Seward, University of Tenn. 


Referring to Dickson’s History of the Theory of Numbers, Vol. 1, p. 123, we 
find: “R. Dedekind proved that, if 2 be decomposed in every way into a prod- 
uct ad, and if e is the g.c.d. of a, d, then 


a/ep(e) = (1 + 1/p) = f(n), 


where a ranges over all divisors of m, and p over the prime divisors of n.” 

We shall use Jordan’s generalization of Euler’s ¢-function, J;(m), p. 147. By 
definition, J;,(”) is the number of different sets of k (equal or distinct) positive 
integers <n, whose g.c.d. is prime to m. The formula is given 


= — 1/pi) (1 — 1/p)). 


We note that f(”) =J2(n)/o(n), Jo(n) 

Letting f,(m) =n*(1+1/pi) (1+1/p*), we have fi(m) 

It is noted (p. 150) that J. Valyi used f() in his enumeration of the n-fold 
perspective polygons of m sides inscribed in a cubic curve. 


Editorial Note. After the appearance of this problem in print the proposer 
discovered that his interpretation is given in Fricke’s Die Elliptischen Func- 
tionen, vol. 2, p. 120. In the above mentioned volume of Dickson it is also stated 
on page 155 that G. A. Miller evaluated J,(m) by noting that it is the number 
of operators of period m in the abelian group with k independent generators of 
period m. This leads to the proposer’s interpretation for k =2. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending 
news items to C. O. Oakley, Haverford College, Haverford, Pennsylvania. 


Dr. H. N. Wright, formerly professor of mathematics at the College of the 
City of New York, was installed as president of the college on September 30, 
1942. Professor H. F. MacNeish represented the Mathematical Association on 
this occasion. 


Professor Virgil Snyder of Cornell University was one of four graduates of 
Iowa State College to receive the Chicago Merit Award in June 1942. The 
awards are presented by Chicago alumni of the college. 


‘ 
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One of the most difficult tasks in library reconstruction after the first World 
War was that of completing foreign institutional sets of American scholarly, 
scientific, and technical periodicals. The attempt to avoid a duplication of that 
situation is now the concern of the Committee on Aid to Libraries in War Areas, 
headed by J. R. Russell, the Librarian of the University of Rochester. In a recent 
mimeographed statement the Committee appeals to subscribers to scientific 
journals to save old periodicals. Questions concerning the project should be sent 
to W. M. Hartwell, Executive Assistant to the Committee, University of 
Rochester. 


The National Research Council, Washington, D. C., has issued the fourth 
edition of a Handbook of Scientific and Technical Societies and Institutions of the 
United States and Canada (N.R.C. Bulletin No. 106, January, 1942; 389 pp). 


Illinois Institute of Technology has made the following appointments: Pro- 
fessor Max Dehn of the University of Idaho to a visiting lectureship, Dr. 
M. H. Heins to an assistant professorship, and Dr. W. B. Caton and Dr. G. W. 
Mackey to instructorships. Associate Professor Rufus Oldenburger has been 
promoted to a professorship. 


At Louisiana State University: Appointments to assistant professorships in- 
clude Dr. O. G. Harrold, Jr.; and Dr. P. A. White. The following members of 
the staff are on leave: Associate Professor R. C. Yates, U. S. Military Academy, 
Captain; Assistant Professor P. C. Scott, Army Air Corps, First Lieutenant; 
Dr. Nelson Robinson, U. S. Navy, Lieutenant (j.g.); Dr. A. B. Carson, Army 
Air Corps, Second Lieutenant. 


From the University of New Mexico: Dr. C. B. Barker has been made an 
assistant professor. Assistant Professor H. D. Larsen has been promoted to an 
associate professorship. Dr. Arthur Rosenthal, lecturer during the second 
semester of the past year, has been given the status of professor. 


Dr. J. M. Dobbie and Dr. J. W. Givens of Northwestern University have 
been promoted to assistant professorships. Dr. T. F. Holgate, who retired from 
active deanship in 1937, has accepted a lectureship because of the war emergency 
and is teaching during the fall quarter at Northwestern University. 


From Oklahoma Agricultural and Mechanical College: Professor A. H. Dia- 
mond, Associate Professor H. S. Mendenhall and Assistant Professor C. E. 
Marshall have entered the Army Air Forces as second lieutenants. Associate 
Professor O. H. Hamilton is a lieutenant in the Naval Reserve. Assistant Pro- 
fessor Herbert Scholz and Dr. Paul E. Lewis are civilian instructors in the local 
Naval Radar Training School. Mr. Patrick Butler has been appointed to a 
teaching fellowship at the University of Texas. Associate Professor J. H. Zant 
has been promoted to a professorship and made acting head of the department. 


From Park College, Missouri, come the following items: Dr. H. E. Crull, 
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chairman of the department of mathematics and astronomy, has been granted 
leave for the duration and is a Lieutenant (j.g.) in the U. S. Naval Reserve. 
Dr. C. A. Messick of Oakland City College, Indiana, has been appointed in Lt. 
Crull’s place. Associate Professor L. A. Robbins has been granted leave of ab- 
sence and is now with Pratt-Whitney Aircraft Corporation. Helen K. Milleson 
of Buena Vista College has been appointed to an assistant professorship. 


From Pennsylvania State College: Professor C. H. Graves is on leave of 
absence serving as assistant educational statistician in the Office of Education 
in the Federal Security Agency, Washington, D. C. Professor H. B. Curry is on 
leave serving as Associate Mathematician at the Frankford Arsenal, Phila- 
delphia. Dr. R. H. Cook has been appointed an assistant professor at the South 
Dakota State School of Mines. 


Kaj Nielson of Louisiana State University, and Alben Nordling and C. H. 
W. Sedgwick of the University of Connecticut, worked in the research engineer- 
ing department of Pratt and Whitney Aircraft the past summer. Professor F. C. 
Jonah of Western Reserve University also spent the summer in this group and 
is now on leave from the University as a research engineer for the Vought- 
Sikorsky division of United Aircraft. 


Dr. O. P. Akers, professor of mathematics and surveying at Allegheny Col- 
lege, has retired after thirty-seven years of teaching there. 


Dr. Fred Assadourian of New York University has been appointed an asso- 
ciate professor at the Texas Technological College. 


O. E. Bennett has been appointed an assistant professor at Washington 
College, Chestertown, Maryland. 


Professor R. E. Bruce, chairman of the department of mathematics, Boston 
University, became professor emeritus on July 1 after thirty-nine years of serv- 
ice. Because of the present emergency Professor Bruce will continue in active 
service. 


C. L. Buxton of Clarkson College of Technology has been promoted to an 
assistant professorship. 


W. B. Campbell, who has been serving as engineer in the Philadelphia 
Ordnance District, has been appointed an associate professor of engineering at 
the Pennsylvania Military College, Chester. 


Dr. J. L. Dorroh of Ouachita College has been appointed an assistant Pro- 
fessor at Louisiana State University. 


Professor H. J. Ettlinger of the University of Texas represented the Mathe- 
matical Association at the inauguration of President J. N. R. Score at-South- 
western University on October 6. 


= 
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H. W. Eves of the mathematics staff of the Tennessee Valley Authority has 
been appointed assistant professor of applied mathematics in the College of Ap- 
plied Sciences of Syracuse University. 


Professor Emeritus J. G. Hardy of Williams College is teaching for two 
semesters at Reed College. 


Associate Professor C. T. Hazard ef Purdue University has been promoted to 
a professorship. 


Dr. C. C. Hurd has been granted leave of absence from Michigan State Col- 
lege to teach in the U. S. Coast Guard Academy. 


Assistant Professor H. S. Kaltenborn of Louisiana Polytechnic Institute has 
been promoted to an associate professorship. 


Associate Professor E. C. Kennedy of Texas College of Arts and Industries 
is now a first lieutenant in the Army Air Corps. 


Dr. D. E. Kibbey of Michigan State College has accepted a commission to 
teach at West Point. 


Associate Professor V. S. Lawrence of Cornell University is now instructing 
in mathematics at the U. S. Military Academy, West Point, with the rank of 
major. 


Dr. H. L. Lee of the University of Tennessee has been promoted to an as- 
sistant professorship. 


At the University of Oregon, Ingo Maddaus, Jr., has been made an assistant 
professor. 


Assistant Professor F. H. Miller of the Cooper Union School of Engineering 
has been promoted to an associate professorship. 


Dr. E. N. Nilson has been appointed an assistant professor at Mount Holy- 
oke College. 


Dr. M. G. Pawley of the Colorado School of Mines is now a radio engineer 
in the Naval Research Laboratory at Washington. 


Dr. D. R. Shreve of Purdue University has been appointed a stress analyst 
at the McDonnell Aircraft Corporation, St. Louis. 


Dr. M. M. Slotnick has been appointed supervisor at the Bureau of Ordnance 
Navy Department, Washington. 


Associate Professor D. E. South of the University of Kentucky is on leave of 
absence. 


Dr. E. R. Stabler has been appointed an assistant professor at Hofstra Col- 
lege. 


| 


1942} NEWS AND NOTICES 623 


J. A. Straw of the University of Louisville has been appointed an assistant 
professor at Rose Polytechnic Institute. 


Dr. S. Helen Taylor of Ashland, Kentucky, Junior College has been ap- 
pointed adjunct professor at the University of South Carolina, the first woman 
to be appointed to any position in the department of mathematics since the 
founding of the University over 141 years ago. 


Dr. D. L. Webb of Georgia School of Technology has been appointed an 
assistant professor at the Texas Technological College. 


Dr. André Weil of the New School for Social Research and Haverford Col- 
lege has been appointed an assistant professor at Lehigh University. 


Professor Evelyn P. Wiggin of Randolph-Macon Woman's College is on 
leave of absence and has been appointed to a lectureship at Wellesley. 


Dr. Clyde Wolfe has been appointed Civilian Instructor, Academic Tra: .ing 
Department, at the Santa Ana, California, Army Air Base. 


The following appointments to instructorships are announced: 

A. and M. College of Texas: A. R. Wapple 

University of Arkansas: R. V. Simpson 

Case School of Applied Science: Dr. L. J. Green 

Cornell University: R. L. Beinert, C. D. Firestone, R. L. Hull, Dr. Fred 
Kiokemeister, Dr. L. J. Savage, A. R. Turquette 

University of Delaware: G. L. Walker 

Hamilton College: L. B. Williams 

Iowa State College: J. W. Beach 

John Carroll University: Dr. P. H. Anderson 

Louisiana State University: Dr. K. L. Nielsen, J. E. Pryor, J. C. Stewart. 

Miami University : Alberta Wolfe 

Michigan College of Mining and Technology: J. C. Butler, T. R. Richards, 
Earl Roberts 

Michigan State College: Dr. W. L. Mitchell, Dr. L. V. Toralballa, Elaine 
Van Aken, K. C. Walters. 

Michigan State Normal College: Dr. Edith Schnedkenburger 

Muskingum College: L. C. Knight, Jr. 

Northwestern University: Mrs. Louise Marvel Sagen, R. S. Wolfe and on 
part-time: Dr. Walter Cerf, Mary M. Handel, R. H. Lence 

Rutgers University, College of Engineering: R. B. Kleinschmidt 

Smith College: Anne Frances O’ Neill 

Texas Technological College: Mrs. Annie N. Rowland 


The name of Professor J. F. Barnhill was, through an oversight, omitted 
from the necrology of members in the March issue of the MONTHLY. Professor 
Barnhill, who died May 5, 1941, became a member of the Association in 1920 
and had taught at Michigan State Normal College since 1922. 


| 
s 


624 OCCUPATIONAL CLASSIFICATION |November, 


Eleanor C. Doak, professor emeritus at Mount Holyoke College, died on 
August 27, 1942 at the age of seventy-two. She had been a member of the 
Mathematical Association since 1916. 


Professor Emeritus W. A. Harshbarger of Washburn Municipal University 
of Topeka died on July 17, 1942. He had been connected with the University 
for fifty years, and was a charter member of the Mathematical Association. 


Professor Byron Ingold of Culver-Stockton College died March 23, 1942. 
He had been a member of the Mathematical Association since 1927. 


Professor Emeritus D. A. Lehman of Goshen College died September 8, 
1942. He was a charter member of the Mathematical Association and had been 
professor at Goshen since 1906. 


Dr. E. W. Miller, associate professor of mathematics at the University of 
Michigan, died on July 23, 1942, at the age of thirty-seven. 


D. T. Petty, head of the department of mathematics in the F. W. Parker 
School, a member of the Mathematical Association, died April 16, 1942. 


Dr. T. M. Putnam, professor emeritus and dean of undergraduates at the 
University of California, died September 22, 1942. He was a charter member 
of the Mathematical Association. 


Professor W. B. Robinson, since 1913 head of the department of mathe- 
matics at the American International College, Springfield, Mass., died July 19, 
1942, at the age of fifty-three. 


OCCUPATIONAL CLASSIFICATION OF MATHEMATICIANS 


General Lewis B. Hershey, Director of Selective Service, has issued Occupa- 
tional Bulletin No. 23 which certifies that the educational services of instructors 
and professors of mathematics in colleges, universities, or professional schools 
are activities essential to the war effort. This Bulletin supplements Occupational 
Bulletin No. 10 which was distributed to department chairmen by the office of 
the Secretary of the American Mathematical Society on June 30, 1942. Bulletin 
No. 10 and Bulletin No. 23 are given at the end of this note. 

This memorandum is published with the realization that the whole situation 
with respect to our colleges and universities will undoubtedly be fundamentally 
altered by the legislation concerned with the lowering of the draft age. Never- 
theless, we do believe that plans will be developed whereby the government 
will use the machinery already existing in our colleges and universities in order 
to train young men in the mathematics and science which are the necessary 
equipment of Army and Navy officers. The need for instructors in mathe- 
matics is bound to increase as the tempo of the war is increased. 
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The Secretary of War has stated that teachers in fields that are essential to 
the war effort are doing the job that the country wants them to do and are per- 
forming their full duty in the war effort. With this in mind, every effort should 
be made to conserve the supply of mathematicians; this supply is already 
greatly depleted. Mathematicians should not be discouraged from assuming 
positions in fields other than teaching, if these offer greater opportunities for 
service to the nation in the war effort. On the other hand, mathematics teachers 
should not feel that their services will shortly be unnecessary and consequently 
rush into positions where their contribution is less vital than that of teaching 
men who are preparing for commissions in the armed forces. Mathematics at 
the college level will have to be taught to prospective officers. We hope that 
this teaching wili be done in our colleges and universities. Whether it is done 
there or in schools set up by the government, mathematicians will be needed 
and the supply should be conserved. 


1. Requests for occupational classification. In view of the recent Bulletin, 
we wish to offer the following suggestions for securing the proper classification 
of mathematicians: 


(a) For those who have completed their training, 1.e., instructors and men of 
professorial grade. Requests for continued occupational deferment or for re- 
classification should be based on Occupational Bulletin No. 23 in which the 
Manpower Commission has certified as essential to the war effort professors 
and instructors engaged in full-time instruction and research in mathematics. 
This Bulletin should be attached to every request. In addition, Occupational 
Bulletin No. 10, which certifies that there is a serious shortage of mathema- 
ticians, should be attached. Local boards must be supplied with all the neces- 
sary information; this should include evidence that the registrant cannot be 
replaced. The request for reclassification should be made on Form 42A which 
can be obtained from the registrant's local board. 


(b) For those in training, 1.e., graduate assistants and undergraduate majors 
in mathematics. The officer requesting the deferment should file Form 42A 
directly with the local board with the ordinary questionnaire filled out by all 
registrants. Reference should be made to Occupational Bulletin No. 10. It 
is urged that a copy of this Bulletin be attached to Form 42A when it is filed. 


2. Appeals. Having made a request for occupational deferment, the person 
making the request should be prepared to exert every effort to secure that 
deferment, including the making of an appeal. The appeal may be made by the 
registrant, his employer, or the government appeal agent. When it is clear 
that the end of negotiations with the local board has been reached, without 
having modified the registrant’s IA classification, the appeal should be carried 
through. Such an appeal must be made within ten days of the date when the local 
board mailed to the registrant a notice of his classification. The form for appeals 
appears at the end of the questionnaire. 
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3. Additional Steps. 
National Roster of Scientific and Specialized Personnel, 
10th and U Streets, N.W., Washington, D. C. 


Any mathematician who has not already done so should register immedi- 
ately with the National Roster. This may be done by writing a letter to the 
Roster at the above address, and asking for appropriate forms in mathematics. 
In this communication, the writer should indicate whether he is subject to the 
Selective Training and Service Act of 1940. 

The National Roster may take appropriate action in the case of profes- 
sional mathematicians and graduate students in mathematics. Under a co- 
operative plan with the Selective Service System, the Roster may send to the 
National Headquarters of the Selective Service System appropriate information 
about professionally trained men of military age, and that office in turn may 
then forward letters about these men through the various State Directors to 
the individual local boards, in order to assist in proper classification. 

It is essential that a man (or his employing institution) should not wait 
until he is placed in Class IA before writing to the Roster. The Roster should 
be kept informed as to any changes in his Selective Service status or in his em- 
ployment. In communicating with the Roster, a man should give the following 
information: (1) the name, number, and address of his Selective Service local 
board; (2) his own order number; (3) a description of his specific duties, es- 
pecially as related to the war effort. 


Office of Scientific Personnel, National Research Council, 
2101 Constitution Avenue, Washington, D. C. 


Dean Homer L. Dodge is now Director of the Office of Scientific Personnel. 
In cases where an appeal has been made and developments indicate that a 
proper decision may not be reached, it is advisable to contact Dean Dodge. 
He must be informed as to the applicant’s order number and the name, number, 
and address of the local board under which he is registered. Dean Dodge has 
offered to consult with the State Director concerned or with Selective Service 
Headquarters as the urgency of the case demands. 

However, the Office of Scientific Personnel must start where the person 
making the original request leaves off and can do little to make up for de- 
ficiencies in the presentation of the case by the employer. Unless there is pre- 
sented evidence that a genuine, but unsuccessful, attempt has been made to 
secure a replacement for the particular registrant in question, it will be im- 
possible for the Office of Scientific Personnel to be of assistance. 

Copies of Occupational Bulletin No. 10 and of Occupational Bulletin No. 23 
will be furnished, on request, by the office of the Secretary of the American Mathe- 


y MArsTON Morse, President American Mathematical Society, 


J. R. Kine, Secretary. 
Philadelphia, Pa. 
November 2, 1942. 


t 
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OCCUPATIONAL BULLETIN NO. 10 
SuBJECT: SCIENTIFIC AND SPECIALIZED PERSONNEL June 18, 1942 
Part I 


1. There are certain persons trained, qualified, or skilled in scientific and specialized fields 
who, if engaged in the practice of their respective professions, are in a position to perform a vital 
service in activities necessary to war production and in activities essential to the support of the 
war effort. 

Part II 


1. The National Roster of Scientific and Specialized Personnel has certified to the Director 
of Selective Service that in activities necessary to war production and in activities essential to the 
support of the war effort, there are certain “critical occupations” which for the proper discharge of 
the duties involved require a high degree of training, qualification, or skill in scientific and spe- 
cialized fields. The critical occupations in these scientific and specialized fields, as certified to the 
Director of Selective Service, are attached to this bulletin, 

2. All of these critical occupations, as listed, require highly specialized periods of training of 
two years or more. The critical occupations on the attached list exist within the provisions of Part 
V, Memorandum to All State Directors (I-405). 


Part III 


1. The National Roster of Scientific and Specialized Personnel has certified to the Director 
of Selective Service that there are serious shortages of persons trained, qualified, or skilled to en- 
gage in these critical occupations in activities necessary to war production and in activities essen- 
tial to the support of the war effort. These shortages exist within the provisions of Part VII, 
Memorandum to All State Directors (I-405), and accordingly careful consideration for occupa- 
tional classification should be given to all persons trained, qualified, or skilled in these critical 
occupations and who are engaged in activities necessary to war production or essential to the 
support of the war effort. 

Part IV 


1. There are many registrants who are in training and preparation to acquire the qualification 
or skill to engage in these critical occupations. Normally the period of training and preparation to 
acquire the necessary qualification or skill in these scientific and specialized fields extends over a 
period of four academic years in a recognized academic, professional, or technical college or 
university. In many instances, however, it is necessary for persons to have additional study 
in a recognized academic, professional, or technical college or university in order to acquire the 
more highly specialized qualification or skill necessary for the performance of particular services 
in activities necessary to war production or essential to the support of the war effort, Persons en- 
gaging in further studies in addition to the four academic years normally required are referred to as 
graduate or postgraduate students. 

2. A registrant who is in training and preparation for one of these scientific and specialized 
fields may not be considered for occupational classification until the close, or approximately the 
close, of his second or sophomore year in a recognized college or university. 

3. A registrant who is in training and preparation for one of these scientific and specialized 
fields may be considered for occupational deferment at the close, or approximately at the close, 
of his second or sophomore year in a recognized college or university if he is pursuing a course of 
study upon the successful completion of which he will have acquired the necessary training, quali- 
fication, or skill, and if he gives promise of continuing and will be acceptable for continuing such 
course of study and will undertake actual further classroom work within a period of not to exceed 
four months from the close of his second year. 

4. A registrant who is in training and preparation for one of these scientific and specialized 
fields shall be considered for occupational classification during his third and fourth years in a recog- 
nized college or university, provided that he gives promise of the successful completion of such 
course of study and the acquiring of the necessary degree of training, qualification, or skill. 
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5. A graduate or postgraduate student who is undertaking further studies for these scientific 
and specialized fields, following the completion of the normal four academic years, may be con- 
sidered for occupational classification if, in addition to pursuing the additional studies, he is also 
acting as ‘‘graduate assistant” in a recognized college or university or is engaged in scientific re- 
search related to the war effort and which is supervised by a recognized Federal agency. A graduate 
assistant is a student in postgraduate studies who, in addition, is engaged in the teaching and 
instruction of undergraduate students in these scientific and specialized fields. 

6. When a registrant has completed his training and preparation in a recognized college or 
university and has acquired a high degree of training, qualification, or skill in one of these scientific 
and specialized fields, such registrant should then be given the opportunity to become engaged in 
the practice of his profession in an activity necessary to war production or essential to the support 
of the war effort. In many instances following graduation from a recognized college or university, 
a certain period of time will be required in the placing of trained, qualified, or skilled. personnel in 
an essential activity. When a registrant has been deferred as a necessary man in order to complete 
his training and preparation, it is only logical that his deferment should continue until he has an 
opportunity to use his scientific and specialized training to the best interest of the nation. Accord- 
ingly, following graduation from a recognized college or university in any of these scientific and 
specialized fields, a registrant should be considered for further occupational classification for a 
period of not to exceed 60 days in order that he may have an opportunity to engage in a critical 
occupation in an activity necessary to war production or essential to the support of the war effort, 
provided that during such period the registrant is making an honest and diligent effort to become 
so engaged. 

Lewis B. HERSHEY 
21st Street and C Street, N.W., Director of Selective Service 
Washington, D. C. 


CRITICAL OCCUPATIONS.—SCIENTIFIC AND SPECIALIZED PERSONNEL 


Accountants 
Chemists 
Economists 
Engineers: 
Aeronautical Engineers 
Automotive Engineers 
Chemical Engineers 
Civil Engineers 
Electrical Engineers 
Heating, Ventilating, Refrigerating, and Air Conditioning Engineers 
Marine Engineers 
Mechanical Engineers 
Mining and Metallurgical Engineers, including Mineral Technologists 
Radio Engineers 
Safety Engineers 
Transportation Engineers—Air, Highway, Railroad, Water 
Geophysicists 
Industrial Managers 
Mathematicians 
Meteorologists 
Naval Architects 
Personnel Administrators 
Physicists, including Astronomers 
Psychologists 
Statisticians 
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OCCUPATIONAL BULLETIN NO. 23 
SuBJECT: EDUCATIONAL SERVICES September 30, 1942 


1. The War Manpower Commission has certified that educational services are essential to 
the support of the war effort. 


2. This bulletin covers the following essential activities which are considered as included within 
the list attached to Local Board Release No. 115, as amended: 

(a) Educational services: Public and private industrial vocational training; elementary, 
secondary and preparatory schools; junior colleges, colleges, universities and professional 
schools; educational and scientific research agencies; and the production of technical and voca- 
tional training films. 


3. In considering registrants engaged in educational services there must be taken into con- 
sideration the following: 

(a) The kind of institution in which the registrant is engaged; 

(b) the occupation of the registrant in that institution; and 

(c) the classroom studies under the registrant’s instruction, supervision, or administra- 
tion jurisdiction. Attached is a list of occupations by institutions and classroom studies in 
educational services which require a resonable degree of training, qualification, or skill to 
perform the duties involved. It is the purpose of this list to set forth by institutions and class- 
room studies the important occupations in educational services which must be filled by persons 
capable of performing the duties involved in order that the essential portions of the activity 
may be maintained. Item 4 of the list does not include classroom studies but occupations 
which shall be considered in the same manner as any other occupations. The entire list is con- 
fined to occupations which require more than six months of training and preparation. 


4. In classifying registrants employed in these activities, consideration should be given to the 
following: 
(a) The training, qualification, or skill required for the proper discharge of the duties 
involved in his occupation; 
(b) the training, qualification, or skill of the registrant to engage in his occupation; and 


(c) the availability of persons with his qualifications or skill, or who can be trained to 
his qualification, to replace the registrant and the time in which such replacement can be 
made. 


Lewis B. HERSHEY, Director 


CRITICAL OCCUPATIONS—EDUCATIONAL SERVICES 


1. ELEMENTARY, SECONDARY AND PREPARATORY SCHOOLS 


(a) Superintendents of elementary, secondary and preparatory school systems; and 
(b) teachers who are engaged in full-time instruction in one or more of the following subjects: 


Aeronautics Mathematics 
Biology Physics 
Chemistry Radio 


2. Junior COLLEGES, COLLEGES, UNIVERSITIES AND PROFESSIONAL SCHOOLS, EDUCATIONAL AND 
SCIENTIFIC RESEARCH AGENCIES 
(a) Presidents, Deans, and Registrars in junior colleges, colleges, universities and professional 
schools; and 
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(b) professors and instructors engaged in full-time instruction and research in one or more of 


the following subjects: 


Agricultural Sciences 


Engineering Sciences 


Navigation, Aerial and Marine 


Architecture, Naval Geology Oceanography 
Astronomy Industrial Management Pharmacy 
Bacteriology Mathematics Physics 

Biology Medicine and Surgery Physiology 
Chemistry Metallurgy Veterinary Sciences 
Dentistry Meteorology 


3. PUBLIC AND PRIVATE INDUSTRIAL VOCATIONAL TRAINING 


(a) Superintendents of public and private industrial vocational training; and 
(b) teachers who are engaged in full-time instruction in one or more of the following subjects 
designated to prepare students for war activities: 
Trade, Vocational and Agricultural subjects (such as, Machine Shop practice, Aircraft, 
Sheetmetal Work, and similar subjects) and in Vocational Rehabilitation. 


4. PRODUCTION OF TECHNICAL AND VOCATIONAL TRAINING FILMS 


(a) Persons engaged full-time and exclusively in the production of technical and vocational 
training films for the Army, Navy and war production industries. 


Animator 
Cameraman 
Cutter 

Film Editor 


Project Supervisor 
Technical Consultant 
Technical Writer 
Sound Engineer 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-seventh Annual Meeting, New York, N. Y., December 30-31, 1942. 


The following is a list of the Sections of the Associations, with dates of future meetings so 


far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIs, Notre Dame, Ind., April 9-10, 
1943 

Inp1IANA, Notre Dame, April 9-10, 1943 

Iowa 

KANSAS 

KENTUCKY 

Ruston, La., 1943 

MARYLAND-DistricT oF CoLuMBIA-ViR- 
GINIA, Baltimore, Dec. 5, 1942 

METROPOLITAN NEW YORK 

MicuiGan, Notre Dame, Ind., April 9-10, 
1943 

MINNESOTA 

Missour!, Kansas City, Dec. 4, 1942 


NEBRASKA 

NORTHERN CALIFORNIA, San Francisco, 
Jan. 30, 1943 

Oux10, Columbus, April 1, 1943 

OKLAHOMA 


PHILADELPHIA, Philadelphia, Nov. 28, 1942 

Rocky MounrtTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Los Angeles, 
March 13, 1943 

SOUTHWESTERN 

Texas, Lubbock, April, 1943 

Upper NEW YorK STATE 

Wisconsin, Milwaukee, May 7, 1943 


For War Courses w 


CURTISS AND MOULTON’S 


Essentials of Trigonometry 
WITH APPLICATIONS 


e@ A concise presentation of the fundamentals of plane and spherical trigonom- 
etry designed especially for students who are about to enter the armed services. 


@ Applications are given to surveying, to problems connected with maps and 
with artillery, and to navigation, including sections on plane sailing, parallel 
sailing, dead reckoning, great circle sailing, and celestial navigation. Such terms 
as the mil are explained and problems of aiming are treated. 


With Tables, 276 pages, $2.25; without Tables, 182 pages, $2.00 
Tables separately, 94 pages, $1.25 


ESSENTIALS OF SPHERICAL TRIGONOMETRY WITH APPLICATIONS. A 
separate edition of the chapter on spherical trigonometry and the section on applications 
from the preceding book. Paper, 63 pages, $.60 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 


The Rhind Mathematical 
Papyrus 


De Luxe Edition 


Volume I, Translation and Commentary 
Volume II, Photographic Plates and Fac-Simile Reproduction 


Individual and institutional members of the Association may pro- 
cure copies at $20.00 per set through Secretary Cairns, Oberlin, 
Ohio. Non-members order through the Open Court Publishing 
Company, La Salle, Ill., at $25.00 per set. 

THIS Is A MAGNIFICENT WORK and should be in every college 
library. The edition is absolutely limited. Most of these sets are 
already sold, and no more will be available when this edition is 
exhausted. 


Outline of the History of Mathematics 


by RAYMOND CLARE ARCHIBALD 


Fifth edition, June 1941, ti, 76 pages 


a thoroughly revised and considerably enlarged edition is published by the Mathe- 
matical Association to meet a constant demand for up-to-date information on the 
History of Mathematics, not available in any other single English work. The syllabus, 
twenty pages of references to other material and sources, and an entirely new Index 
of Names, provide an excellent basis for a teacher to conduct a semester or year course 
in this field, or for a student wishing greatly to extend his knowledge. Earlier editions 
of the Outline have been reviewed very favorably throughout the world. Our expectation 
is that this fifth edition published within ten years, and more fundamentally revised and 
extended than any other edition, will continue to meet a need in this country and else- 
where. 
Price 75 cents a copy, postpaid, remittance with order 


No discount in price to anyone 
W. D. CAIRNS, Secretary-Treasurer 


MATHEMATICAL ASSOCIATION OF AMERICA 
OBERLIN, OHIO 


THE INDIAN MATHEMATICAL 
SOCIETY 


Invites Lovers of Mathematics of all ages to subscribe 
for its two Quarterlies 


1. The Mathematics Student intended for undergraduates and young research 
workers, and 


2. The Journal of the Indian Mathematical Society for papers of a more 
advanced character. 


They are both remarkably cheap and may be had for Rs. 6 (about 2 dollars) 
per annum for either journal, or Rs. 9 for both together. 


Order from 
Prof. S. Mahadevan, M.A., Mathematics Department 
Presidency College, Madras, India 


with a remittance of subscription for a year. 
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Mathematics to Meet Today's Needs 


PLANE and SPHERICAL 
TRIGONOMETRY 


By RAYMOND W. BRINK, Pu.D. 
PROFESSOR OF MATHEMATICS, UNIVERSITY OF MINNESOTA 


te straightforward exposition and an abundance of interesting 
applications distinguish this new book which combines Brink’s well- 
known Plane Trigonometry with a standard course in spherical trigonom- 
etry. The spherical trigonometry section presents a systematic and lucid 
treatment of right and oblique spherical triangles, supplemented by timely 
applications to geography and the celestial sphere, thus providing the 
mathematical basis for navigational practice. 

399 pages. With Tables, $2.50 


Spherical Trigonometry is also available as a separate volume. 
62 pages. $.75 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street New York, N. Y. 


Join the National Council of Teachers of Mathematics! 


The National Council of Teachers of Mathematics carries on its work through 
two publications. 


1. The Mathematics Teacher. Published monthly except in June, July, August, 
and September. It is the only magazine in America dealing exclusively with 
the teaching of mathematics in elementary and secondary schools. Member- 
ship (for $2) entitles one to receive the magazine free. 


. The National Council Yearbooks except the first, second, and tenth, which 
are now out of print, may be had (bound volumes) from the Bureau of 
Publications, Teachers College, 525 West 120th St., New York City. Price, 
$1.75 each postpaid except the 17th yearbook which is $2 postpaid. 


Editorial Committee of above publications: 
W. D. Reeve, Teachers College, Columbia University, New York, Editor-in-Chief 
Dr. Vera Sanford, State Normal School, Oneonta, N.Y., Associate Editor 
W. S. Schlauch, School of Commerce, New York University, Associate Editor 
Send Two Dollars ($2.00) to The Mathematics Teacher, 525 West 120th Street, 
New York, N.Y., giving your name and mailing address, stating when the issue is 
to begin and whether you are a new member or not. 


NEW McGRAW-HILL TEXTS 
for 


WAR TRAINING COURSES 
* 


PRACTICAL MATHEMATICS FOR HOME STUDY. New third edition 
By the late CLaupe I. Parmer. Revised by S. F. Brss, Illinois Institute of Tech- 
nology. 697 pages, 5% x 8. $4.00 

SIMPLIFIED INDUSTRIAL MATHEMATICS 
By JoHn H. Wo tre, WILLIAM F, MUELLER, and Serpert D, MULLIKIN, Ford Motor 
Company. 281 pages, 434 x 7%. $2.00 


SPHERICAL TRIGONOMETRY WITH NAVAL AND 
MILITARY APPLICATIONS 


By LyMAn M. Ketts, Wits F. Kern, and JAMEs R. Buanp, U. S. Naval Acad- 
emy. 163 pages, 6 x 9. $1.50. With tables, $2.40 


MATHEMATICS FOR ELECTRICIANS AND RADIOMEN 
By Netson M. Cooke, Chief Radio Electrician, U. S. Navy. 604 pages, 6 x 9. $4.00 


ELEMENTARY MATHEMATICS IN ARTILLERY FIRE 
By JosepH MILLER THomAS, Duke University. 256 pages, 6 x 9. $2.50 


MACHINE SHOP MATHEMATICS 
By Aaron AXELROD, Vocational and Technical High School, Bayonne, N.J. 372 
pages, 6 x 9. $2.50 


HIGHER MATHEMATICS FOR ENGINEERS AND PHYSICISTS 


New second edition 


By Ivan S. SoxotnrxorrF, University of Wisconsin, and EL1zABetH S, SOKOLNI- 
KorF, 587 pages, 6 x 9. $4.50 


MATHEMATICS FOR ELECTRICIANS. New second edition 


By Martin H. Kuen, Seneca Vocational High School, Buffalo, N.Y. 254 pages, 
5% x 8. $1.75 


MATHEMATICS FOR THE AVIATION TRADES 


By James Narvicu, Manhattan High School of Aviation Trades. 267 pages, 6 x 9. 
$1.80 


Send for copies on approval 
McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York, N.Y. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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